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Chapter 1
Introduction
Cosmology is a science whose goal is to study the history of the Universe
through its observable properties.
From a theoretical point of view, we can think that Cosmology was born in
1917 with General Relativity (GR), a gravity theory which provides a good
description of our Universe.
At that time, scientists thought that the Universe was static and finite so,
in order to satisfy this assumptions, Einstein introduced a new term in his
equations, the Cosmological Constant Λ. In fact, a static and finite Universe
will collapse under the effect of gravitational interaction and the cosmological
constant term can avoid this problem introducing a repulsive force that acts
in opposite direction to gravity.
Today, we know that the Universe is expanding so the initial idea of a static
Universe was abandoned thanks to the improvement of observational tech-
niques that allowed to study more and more distant astrophysical sources.
In fact, in 1929, the discovery of the recession motion of galaxies was a proof
that the Universe was no static as they thought.
The Standard Model of Cosmology (ΛCDM model) is based on the assump-
tion that the Universe is homogeneous and isotropic, at least at first approx-
imation, on large scales (larger than O(100) Mpc), as confirmed by galaxy
surveys; instead, on smaller scales, there exist large inhomogeneities, such as
galaxies, clusters and superclusters.
In order to describe the evolution of the Universe, it is necessary to identify
the energy components of which it is composed. With a Universe containing
only non-relativistic matter and radiation and described by General Rela-
tivity, is possible to reproduce the expansion of the Universe observed by
Hubble in 1929.
However, over the last decade, a wealth of evidence has been accumulated in
favor of the conclusion that the expansion of our Universe has recently en-
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tered in an accelerated phase that cannot be explained with ordinary matter
and radiation only as components of the Universe. These evidences, which
come mainly from the observation of type-Ia supernovae, from the cosmic
microwave background radiation (CMB) [1] in combination with measure-
ments of the Hubble constant and from Baryon Acoustic Oscillations (BAO),
tell us that a possible explanation for the accelerated expansion is obtained
by introducing a component of the cosmic fluid, the dark-energy, with an
equation-of-state parameter w < −1/3.
For ΛCDM model, the dark energy component is described by a cosmological
constant Λ which has an equation-of-state parameter w = −1. Nevertheless,
this term is affected by serious theoretical problems connected with its in-
terpretation that drove people to look for models alternative to the ΛCDM
model.
The main reason that leads us to study alternative dark energy models or
modified gravity models is that, while at the background level they behave as
ΛCDM model, at linear perturbation level we can observe deviations respect
to ΛCDM.
In the first part of this thesis, we will study a theory of dark energy with a
screening mechanism where the dark sector is described by a scalar field with
a mass of order H0. Thanks to a discrete symmetry imposed on the scalar
field, this model (which is called the symmetron model) is able to avoid the
long-range forces of gravitational strength produced by the coupling between
matter and the scalar field which are incompatible with phenomenological
constraints in the laboratory or in the solar system.
Chapter 3 is focused on the Symmetron model: in particular, we review the
action, the screening mechanism and the constraints from tests of gravity
that we must apply in order to have a viable model.
Then, in Chapter 4, we study the gravitational clustering of spherically sym-
metric overdensities and the statistics of the resulting dark matter halos in
the same model.
Another way to produce a late-time acceleration of our Universe is to mod-
ify General Relativity on cosmological scales: these Modified Gravity models
need to be close to General Relativity at small scales in order to satisfy, as
the Symmetron model, all the solar system tests of gravity.
In Chapter 5 we explain how it is possible to modify Einstein’s equations
of GR and we briefly review the most famous theories of modified gravity;
finally we discuss the most general Lagrangian for the dark sector which
gives only second order equations of motions. The theory described by this
Lagrangian, which covers all the gravitational theories treated before, is the
Horndeski Theory.
Finally, in Chapter 6, we focus on observational constraints that we can
6
7obtain on modified gravity theories by using redshift space distortion obser-
vations. In addition, we want to study the cosmological constraints that we
can obtain on modified gravity when the assumptions that the cosmic evo-
lution was standard ΛCDM in the past and the present matter density and
power spectrum normalization are the same as in ΛCDM model are lifted.
We call this kind of approach model-independent approach.
At the end of Chapter 6, we produce a forecast of a cosmological exclusion
plot on the Yukawa strength and range parameters, which complements sim-
ilar plots on laboratory scales but explores scales and epochs reachable only
with large-scale galaxy surveys.
7

Chapter 2
Dark Energy
2.1. Observational evidence of dark energy
Several independent observations confirm that dark energy exists.
The first signature comes from the estimation of the age t0 of our Universe.
If we take into account radiation, non-relativistic matter and dark energy
and we assume that the dark energy equation of state is constant (so the
dark energy density goes as ρDE = ρ
(0)
DE(1 + z)
3(1+wDE)), we have that the
expansion rate of the universe is:
H
H0
≡ E(z) =
[
Ω(0)r (1 + z)
4 + Ω(0)m (1 + z)
3 + Ω
(0)
DE(1 + z)
3(1+wDE) + Ω
(0)
K (1 + z)
2
]1/2
(2.1)
The age of the Universe is given by:
t0 = H
−1
0
∫ ∞
0
dz
E(z)(1 + z)
(2.2)
For a flat universe (Ω
(0)
K = 0) and in the case in which dark energy is described
by a cosmological constant (i.e. wDE = −1), by integrating Eq. (2.2), the
age t0 becomes:
t0 =
H−10
3
√
1− Ω(0)m
ln
1 +
√
1− Ω(0)m
1−
√
1− Ω(0)m
 (2.3)
In the EdS universe (for which Ω
(0)
DE = 0), we have that:
t0 =
2
3
H−10 ≈ 9.3Gyr (2.4)
9
10 Chapter 2. Dark Energy
where H0=100 h km sec
−1 Mpc−1 and h = 0.72 ± 0.08. So, assuming that
the Universe is composed only by matter, the predicted age of the Universe
is not in agreement with observational data.
We remember that an inferior limit to the age of the Universe can be placed
dating the oldest known stars with low metallicity that are inside the globular
clusters. So, from [2], it must be:
t0 > 13.5± 2Gyr
If we consider a Universe composed only by radiation, we obtain a lower
age t0 = (2H0)
−1 respect to (2.4), so is not possible to take account for the
observed age of the Universe with only matter and radiation.
If we assume that the Universe is composed by matter and by cosmological
constant and choosing Ω
(0)
m = 0.25, from Eq. (2.3) we obtain:
t0 ≈ 14.2Gyr (2.5)
Therefore a model with matter and cosmological constant, whose energy
densities are comparable, is in agreement with lower limit on the age of the
Universe with globular clusters.
Another important signature of the presence of dark energy comes from Su-
pernovae Ia.
Supernovae Ia are a type of Supernovae which do not contain a spectral line
of hydrogen in their emission spectrum. They are the result of the explosion
of a white dwarf, a star in advanced phase of life in which electrons form
a degenerate gas. This kind of stars can exist only if their mass does not
exceed the Chandrasekhar mass MC = 1.44 M; if the white dwarf lives in
a binary system with a less evolved companion star, when the youngest star
evolves into a red giant, its mass can start to flow on the white dwarf and
when this reaches MC , it explodes becoming Supernova Ia.
Most importantly, Supernovae Ia are used as standard candles after a proper
recalibration procedure, because the absolute magnitude M is constant at
the peak of brightness, so is possible to determine the luminosity distance dL
by measuring the apparent magnitude m (or luminosity) of this stars.
The luminosity distance can be obtained measuring the difference between
the apparent and the absolute magnitude of a given source through the re-
lation:
m−M = 5 log10 dL + 25 (2.6)
Since for SnIa the absolute magnitude is around M = −19, from Eq. (2.6)
is possible to relate the luminosity distance by observing the apparent mag-
nitude m in function of the redshift z.
10
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From a theoretical point of view, the luminosity distance is given by [3]:
dL =
c(1 + z)
H0
√
Ω
(0)
K
sinh
(√
Ω
(0)
K
∫ z
0
dz˜
E(z˜)
)
(2.7)
where E(z) takes into account all the components of the Universe (see Eq.
(2.1)). If we expand the function
∫ z
0
dz˜/E(z˜) around z = 0:∫ z
0
dz˜
E(z˜)
= z − E
′(0)
2
z2 +O(z3) (2.8)
and we expand also the function sinh(x) = x+ x3/6 +O(x5), we can rewrite
Eq. (2.7) as follows:
dL =
c
H0
[
z +
(
1− E
′(0)
2
)
z2
]
+O(z3) (2.9)
When z  1, we have dL ≈ cz/H0 which is the Hubble law. From Eq. (2.9)
we can also see that at high redshifts (z ' O(1)) we have deviations from
Hubble law starting with terms quadratic in z.
If we define the deceleration parameter q0 as:
q0 = − 1
H20
(
a¨
a
)
t=t0
(2.10)
we note that we can also rewrite Eq. (2.9) in this way:
dL =
cz
H0
[
1 +
1
2
(1− q0) z
]
+O(z3) (2.11)
Departures from Hubble law give a lot of information on the Universe com-
position since they are connected with the deceleration parameter q0, which
is, in turn, linked to cosmological parameters.
As we can even see “by eye” from Fig. (2.1), Supernovae observational data
favor a Universe containing a nonvanishing dark energy component.
Another independent test for the existence of dark energy is given by the
observations of the anisotropies of the temperature in the cosmic microwave
background (CMB) spectrum.
The detection of the CMB radiation was the most spectacular evidence sup-
porting the Big-Bang theory.
In 1964, an isotropic microwave radiation was discovered and through fur-
ther experiments [4], it was possible to observe that this radiation has a black
body spectrum (see Fig. 2.2) with a temperature of T0=(2.725 ± 0.004) K,
11
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Figure 2.1: The solid curves show the apparent magnitude that
we have from a theoretical point of view in the case in
which the model is without a cosmological constant. The
dashes curves correspond to the case in which the Universe
is flat [3].
therefore obtaining another observational evidence of the expanding Universe
model.
Indeed, after the Big Bang, the early Universe was an hot and dense medium
and the photons were kept in thermal equilibrium on free electrons through
processes such as the Compton scattering:
e− + γ ←→ e− + γ (2.12)
As the Universe expanded and cooled when the temperature became of
O(eV), the electrons decoupled from the thermal bath and combined with
protons to form the first hydrogen atoms:
e− + p←→ H (2.13)
12
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Figure 2.2: Black body spectrum of the CMB as detected by
COBE satellite [4].
In the cosmological context this process is called recombination.
After recombination, the universe became transparent to photons who could
then travel mostly undisturbed until today; due to the adiabatic cooling of
the expansion of the Universe, the temperature of the CMB reduced by a
factor 1 + z = 1100.
The CMB radiation allows us to see back in the history of the Universe up to
recombination, 380000 years after the Big-Bang. At this time, the Universe
was much more homogeneous than today.
Experiments like COBE, BOOMERanG and WMAP, have measured the root
mean squared temperature fluctuations around the mean value T0 to be ap-
proximately 10−5.
The measurements of temperature anisotropies opened the possibility to de-
termine cosmological parameters with high precision. Fig. 2.3 shows the
angular power spectrum of temperature anisotropies detected by WMAP.
The temperature fluctuations are connected with the presence of small den-
sity perturbations in the nearly homogeneous matter distribution of the early
Universe. These matter perturbations eventually evolve during matter domi-
nation and will form the structures existing today. This is called Sachs Wolfe
effect and it is responsible for the flat part on the left hand side in Fig. 2.3.
On scales smaller than the cosmological horizon at the time of recombina-
tion, the baryon-photon fluid (coupled together by Compton scattering) is
gravitationally attracted from perturbations of dark matter and falls in its
13
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Figure 2.3: Angular power spectrum of temperature anisotropies
detected by WMAP [5]
potential wells. When the fluid is compressed, it becomes overdense and its
radiation pressure creates a force that makes it expand. Under the influence
of these opposite forces (gravity and radiation pressure), the baryon-photon
fluid stars making acoustic oscillations at all scales within the horizon. The
acoustic oscillations are imprinted in the power spectrum as a series of peaks
(see Fig 2.3) where the first one can be found at θ1 ≈ 1 degrees corresponding
to a multipole l1 ≈ pi/θ1 ≈ 220.
The positions of the acoustic peaks satisfy the relation
krs = npi (2.14)
where n are integers and rs is the sound horizon given by:
rs(z) =
c
a0H0
∫ ∞
z
dz˜
E(z˜)
cs (2.15)
in which c2s is the sound speed squared of the coupled baryon-photon plasma:
c2s ≡
δPγ
δργ + δρb
=
1
3(1 +Rs)
(2.16)
and Rs =
3
4
ρb
ργ
.
We define a characteristic angle θA connected with the position of the first
peak:
θA ≡ rs(zdec)
dcA(zdec)
(2.17)
14
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where dcA is the comoving angular distance defined as:
dcA(z) =
c
H0
√
Ω
(0)
K
sinh
(√
Ω
(0)
K
∫ z
0
dz˜
E(z˜)
)
(2.18)
and zdec is the redshift at the decoupling era. The multipole lA is connected
with the angle θA by:
lA =
pi
θA
= pi
dcA(zdec)
rs(zdec)
(2.19)
We can also introduce the CMB shift parameter R as:
R =
√√√√Ω(0)m
Ω
(0)
K
sinh
(√
Ω
(0)
K
∫ z
0
dz˜
E(z˜)
)
(2.20)
and we can rewrite the multipole lA in terms of the shift parameter:
lA =
pic
H0
R√
Ω
(0)
m
1
rs
(2.21)
As we can see, the position of the multipole is proportional to R, which
depends on the expansion of the Universe from the decoupling time until
today. It means that the presence of a dark energy component in Eq. (2.20)
leads to a shift in the position of lA respect to the CDM model.
In a flat Universe, the shift parameter becomes:
R =
√
Ω
(0)
m
∫ zdec
0
dz˜
E(z˜)
(2.22)
where E(z) is given by Eq. (2.1) with Ω
(0)
K = 0.
Fig. 2.4 shows the shift parameter (Eq. (2.22)) for a flat universe in
function of Ω
(0)
DE for two values of dark energy equation of state (wDE = −1
and wDE = −0.5) and by fixing Ω(0)m ' 0.3 and Ω(0)r ' O(10−5). The gray
line shows the bound on R coming from WMAP data:
R = 1.710± 0.019 (2.23)
For ΛCDM model (wDE = −1), we have that 0.72 < Ω(0)DE < 0.77 for the
bound given by (2.23) [3].
Finally, the detection of the baryon acoustic oscillations gives us another in-
dependent evidence of the presence of dark energy. As we said before, the
15
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Figure 2.4: The CMB shift parameter in function of Ω(0)DE for
two values of wDE with the bound coming from WMAP
(thick gray line) [3].
photo-baryonic fluid oscillates in the primordial plasma thanks to two oppo-
site forces, the gravitational attraction caused by dark matter perturbations
and the radiation pressure. These oscillations are frozen when photons decou-
ple from baryons, thus at the Last Scattering Surface. This brings to the fact
that a peculiar angular scale is imprinted in the temperature anisotropy of
the CMB, corresponding to the sound horizon at recombination (Eq. (2.15)).
When gravitational instability on baryons starts to dominate with respect to
photon’s pressure (which is called the drag epoch), it is possible to detect a
preferred scale which corresponds to the sound horizon rs at the drag epoch
(z = zdrag). This effect can be observed as a bump in the two point galaxy
correlation function ξ(r) (which gives the excess of galaxies at a given scale
with respect to a random distribution), and as oscillations (BAO) in the
matter power spectrum P (k):
P (k) =
∫ +∞
−∞
ξ(r)e−ikrr2dr (2.24)
16
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Measuring these features in the directions parallel and perpendicular to the
line of sight, one can determine the two quantities:
δzs =
rs(zdrag)H(z)
c
(2.25)
θs(z) =
rs(zdrag)
(1 + z)DA(z)
(2.26)
respectively.
However, current BAO data are not sensitive enough to allow a distinct mea-
surement of these two quantities, but is possible to measure a combination
of the two: [
θs(z)
2δzs
]1/3 ≡ rs(zdrag)
[(1 + z)2d2A(z)c/H(z)]
1/3
(2.27)
We can also define an effective distance DV :
DV (z) ≡
[
(1 + z)2d2A(z)
cz
H(z)
]1/3
(2.28)
Usually BAO are given in terms of the relative distance:
rBAO ≡ rs(zdrag)
DV (z)
(2.29)
Currently different measures of rBAO are available, from the Sloan Digital
Sky survey [6], the 2-Degree Field (2dF) Galaxy Redshift Survey and from
WiggleZ [7]. Fig. 2.5 shows the ratio DV (z)/rs(zdrag) measured by Galaxy
Surveys, divided by the best-fit flat ΛCDM prediction from the Planck data in
function of z for ΛCDM model (black line), for a flat Universe with w = −0.7
(red line) and for a closed Universe with Ω
(0)
K = −0.01 and a cosmological
constant (blue line); as we can see, the observational data support the ΛCDM
model.
In Fig. 2.6, we can see constraints on Ωm and ΩΛ from Supernovae
compilation (Union2 ) ; if other probes are considered, as both CMB data
(from Planck+WP) and Baryon Acoustic Oscillations (from SDSS-II, BOSS
and 6dFGS), the constraints on ΩΛ become tighter.
2.2. Cosmological constant
The simplest candidate for dark energy is the cosmological constant Λ, which
is so called because its energy density is constant in time and space.
17
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Figure 2.5: DV (z)/rs(zdrag) measured by Galaxy Surveys, di-
vided by the best-fit flat ΛCDM prediction from the Planck
data in function of z [7].
From the Einstein equations:
Rµν − 1
2
gµνR = 8piGTµν (2.30)
the Einstein tensor Gµν = Rµν− 12gµνR satisfies the Bianchi identities Gµν ;ν =
0 and the energy-momentum tensor Tµν satisfies the energy conservation
law Tµν
;ν = 0. Since the metric gµν is constant with respect to covariant
derivatives gµν
;ν = 0, there is a freedom to add the term Λgµν in the Einstein
equations (2.30). Then the modified Einstein equations are given by
Rµν − 1
2
gµνR + Λgµν = 8piGTµν (2.31)
By taking the trace of this equation, we find that −R + 4Λ = 8piGT . Com-
bining this relation with Eq. (2.31), we obtain
Rµν − Λgµν = 8piG
(
Tµν − 1
2
Tgµν
)
(2.32)
The modified Einstein equations (2.31) is also obtained by the action princi-
ple. We start by this action
S =
1
16piG
∫
d4x
√−g(R− 2Λ) + Sm (2.33)
18
2.2. Cosmological constant 19
Figure 2.6: Observational constraints on Ωm and ΩΛ [8].
where R = gµνRµν is the Ricci scalar and Sm is the matter action. If we take
the variation of the action (2.33) with respect to gµν , we obtain the Einstein
equations (2.31).
In the Friedmann-Lemaitre-Robertson-Walker (FLRW) metric, given by
ds2 = −dt2 + a2(t)
(
dr2
1−Kr2 + r
2dθ2 + r2 sin2 θdφ2
)
(2.34)
the modified Einstein equations (2.31) give
H2 =
8piG
3
ρ− K
a2
+
Λ
3
(2.35)
(
a¨
a
)
= −4piG
3
(ρ+ 3p) +
Λ
3
(2.36)
where a = a(t) is the scale factor and K is a constant curvature.
Eq. (2.36) shows that the cosmological constant contributes negatively to
the pressure term and hence exhibits a repulsive effect.
Let us consider a static Universe (a = const) in the absence of Λ. Setting
H = 0 and a¨/a = 0 in Eqs. (2.35) and (2.36), we find
ρ = −3p = 3K
8piGa2
(2.37)
Equation (2.37) shows that either ρ or p needs to be negative. When Einstein
first tried to construct a static Universe, he considered that the above solution
19
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is not physical and so added the cosmological constant to the original Einstein
field equations.
Using the modified field equations (2.35) and (2.36) in a dust-dominated
Universe (p = 0), we find that the static Universe obtained by Einstein
corresponds to
ρ =
Λ
4piG
,
K
a2
= Λ (2.38)
Since ρ is positive, we require that Λ is positive. This means that the static
Universe is a closed one (K = +1) with a radius a = 1/
√
Λ. Equations (2.38)
show that the energy density ρ is determined by Λ.
The requirement of a cosmological constant to achieve a static Universe can
be understood by having a look at Newton’s equation of motion
ma¨ = −Gm
a2
(
4pia3ρ
3
)
(2.39)(
a¨
a
)
= −4piG
3
ρ (2.40)
Since gravity pulls the point particle toward the center of the sphere, we
need a repulsive force to realize a situation in which a is constant. This
corresponds to adding a cosmological constant term Λ/3 on the right hand
side of Eq. (2.40).
The above description of the static Universe was abandoned with the discov-
ery of redshift of the distant stars, but it is intriguing that such a cosmological
constant would come back in the 1990’s to explain the observed acceleration
of the Universe.
2.2.1. The fine tuning problem
The cosmological constant suffers from a severe fine-tuning problem.
We require that Λ is of order of the square of the present value of the Hubble
parameter H0, in order to realize the cosmic acceleration today. So we have:
Λ ≈ H20 = (2.13h× 10−42GeV )2 (2.41)
This corresponds to an energy density ρΛ,
ρΛ =
ΛM2pl
8pi
≈ 10−47GeV 4 (2.42)
We consider that the energy-density in (2.42) gets contributions from zero
point quantum fluctuations of all the fields present in Nature. Considering a
20
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scalar particle of mass m, it gives:
ρvac =
1
2
∫ ∞
0
d3k
(2pi)3
√
k2 +m2 (2.43)
in the units of ~ = c = 1. The integral (2.43) exhibits an ultraviolet diver-
gence and therefore needs to be cut-off in the ultraviolet:
ρvac =
1
2
∫ kmax
0
4pik2dk
(2pi)3
√
k2 +m2 ≈ k
4
max
16pi2
(2.44)
If we pick up kmax = Mpl, we find that the vacuum energy density in this
case is estimated as
ρvac ≈ 1074GeV 4 (2.45)
which is about 10121 orders of magnitude larger than the observed value given
by Eq. (2.42). Even we take an energy scale of QCD for kmax, we obtain
ρvac ≈ 10−3 GeV4 which is still much larger than ρΛ.
So far, there are no completely satisfactory solutions to this problem.
A possibility is to consider supersymmetry, which posits that for each fermionic
degree of freedom there is a matching bosonic degree of freedom, and vice-
versa. The positive thing is that, while bosonic fields contribute a positive
vacuum energy, for fermions the contribution is negative. Hence, if the de-
grees of freedom exactly match, the net vacuum energy sums up to zero.
However, in the real world there is no evidence that supersymmetry exists,
otherwise we should have observed, for instance, a supersymmetric scalar
partner of the electron, the selectron, of the same mass while the present
experimental lower bounds on the masses of the scalar partners is of order
of Msusy > O(100 GeV).
The breaking of supersymmetry introduces a non-vanishing vacuum energy of
order of rvac ∼M4susy, so it reintroduces the cosmological constant problem.
2.2.2. The coincidence problem
The second aspect of the cosmological constant problems is called the cosmic
coincidence problem. It seems very strange that we find ourselves in an epoch
t = t0 where the cosmological constant density is of the same order of the
matter energy density, i.e. ρΛ(t = t0) ∼= ρm(t = t0). In view of the rapidly
decreasing value of ρm(a) ∼ a−3, it is quite puzzling to observe that its
current value is precisely of the same order of magnitude as the vacuum
energy density ρΛ which remains constant as the Universe expands.
It is convenient to define the cosmic coincidence ratio as:
r(a) =
ρΛ(a)
ρm(a)
(2.46)
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For Ωm,0 ∼= 0.3 and ΩΛ,0 ∼= 0.7 we have that r0 ∼= 2.3, which is of O(1).
However, in ΛCDM model, where ρΛ is constant and ρm(a → ∞) goes to
zero, the ratio r grows as the expansion of the Universe.
So the fact that r0= O(1) is regarded as a puzzle because it suggest that
t = t0 is a very special epoch of our Universe.
2.3. Quintessence
Quintessence is an ordinary scalar field φ with a potential V (φ) which in-
teracts with all the other components only through the standard gravity
[9, 10, 11]. The potential determines how the scalar field affects the expan-
sion of the Universe. The action for this model is given by:
S =
∫
d4x
√−g
[
M2pl
2
R+ Lφ
]
+ SM (2.47)
where Lφ = −12gµν∂µφ∂νφ − V (φ) is the scalar field Lagrangian, Mpl ≡
(
√
8piG)−1, R is the Ricci scalar and SM is the matter action.
The contribution of the scalar field to the total stress-energy tensor is given
by
T φµν = −
2√−g
∂S
∂gµν
= ∂µφ∂νφ− gµν
[
1
2
gαβ∂αφ∂βφ+ V (φ)
]
(2.48)
In a flat Friedmann background, we can obtain the energy density ρφ and
the pressure Pφ:
ρφ = −T 0(φ)0 =
1
2
φ˙2 + V (φ) , Pφ = T
i(φ)
i =
1
2
φ˙2 − V (φ) (2.49)
The ratio between these two quantities gives the equation of state for the
scalar field
wφ =
Pφ
ρφ
=
φ˙2 − 2V (φ)
φ˙2 + 2V (φ)
(2.50)
The variation of the action with respect to gµν gives the Einstein equations:
Rµν − 1
2
gµνR = 8piG(T
(m)
µν + T
(φ)
µν ) (2.51)
where T
(m)
µν = ρmu
µuν is the matter energy-momentum tensor.
Since there is no coupling between φ and other fields, the energy-momentum
tensors are conserved separately:
T µν(φ);µ = 0 , T
µν
(m);µ = 0 (2.52)
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From Eqs. (2.51) and using (2.49), we can derive the Friedmann equations:
H2 =
1
3M2pl
(ρφ + ρm) =
1
3M2pl
(
1
2
φ˙2 + V (φ) + ρm
)
(2.53)
(
a¨
a
)
= − 1
6M2pl
(ρm + ρφ + 3Pφ) = − 1
6M2pl
(
2φ˙2 − 2V (φ) + ρm
)
(2.54)
The variation of the action (2.47) with respect to the scalar field φ gives
φ¨+ 3Hφ˙+
dV (φ)
dφ
= 0 (2.55)
From the equation of state (2.50), we note that −1 ≤ wφ ≤ 1. For a flat
potential (slow-roll limit), we have that φ˙2  V (φ) and, from Eq. (2.50), it
corresponds to wφ ' −1 so it reproduces the cosmological constant case in
which ρ = const. For a steep potential, we have that the condition φ˙2  V (φ)
is always satisfied and the equation of state becomes wφ ' 1 from Eq. (2.50).
In this case, the scalar field energy density evolves as ρφ ∝ a−6 much faster
than the background fluid energy density. In order to realize the late-time
acceleration of our Universe, we require that wφ < −1/3 and, from (2.50), it
implies that φ˙2 < V (φ).
Scalar fields in cosmology are ubiquitous; both the cosmology of weakly cou-
pled scalar fields and their theoretical motivations have been much studied
since the advent of the idea of inflation. Only, this field has an energy density
that survives during the inflation and come to dominate the entire energy
density today. However, the definition of Quintessence is different from that
an inflaton field: indeed, Quintessence doesn’t need to partecipate to the
inflationary phase, i.e. it may not to be the same field as the inflaton.
We also note that if the scalar field dominated early enough, it would sup-
press the growth of baryonic structures on small scales, because the Universe
expands faster than the perturbations can collapse.
In the context of inflation, we define the slow-roll parameters in this way
[12]:
 =
M2pl
2
(
1
V
dV
dφ
)2
, η = M2pl
(
1
V
d2V
dφ2
)
(2.56)
Inflation occurs when these slow-roll conditions   1 and |η|  1, are
satisfied. In the context of dark energy, these slow-roll conditions are not
completely trusty, since there exists dark matter as well as dark energy.
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However they still provide a good measure to check the existence of a solution
with an accelerated expansion. If we define the slow-roll parameters (2.56)
in terms of the time-derivatives of H such as  = −H˙/H2, this is a good tool
to check the existence of an accelerated expansion since they implement the
contributions of both dark energy and dark matter.
It is of interest to derive a scalar-field potential that gives rise to a power-law
expansion:
a(t) ∝ tp (2.57)
The accelerated expansion occurs for p > 1. From Eqs. (2.53) and (2.54),
by putting ρm = 0, we obtain the relation H˙ = −(1/2M2pl)φ˙2. Then we find
that V (φ) and φ˙ can be expressed in terms of H and H˙:
V (φ) = 3H2M2pl
(
1 +
H˙
3H2
)
, (2.58)
φ(t) = 2M2pl
∫
dt
[
−H˙
]1/2
(2.59)
Here we chose the positive sign of φ˙. Hence the potential giving the power-law
expansion (2.57) corresponds to:
V (φ) = V0 exp
(
−
√
2
p
φ
Mpl
)
(2.60)
where V0 is a constant. The field evolves as φ(t) ∝ ln(t). The above result
shows that the exponential potential, that could be used for dark energy,
implies that p > 1.
In addition to the fact that exponential potentials can give rise to an acceler-
ated expansion, they possess cosmological scaling solutions [13, 14] in which
the field energy density ρφ is proportional to the matter energy density ρm.
The above discussion shows that scalar-field potentials which are not steep
compared to exponential potentials can lead to an accelerated expansion.
In fact the original Quintessence models [9, 11] are described by the power-
law type potential
V (φ) =
M4+α
φα
(2.61)
where α is a positive number (it could actually also be negative [15]) and M
is constant. Where does the fine tuning arise in these models? Recall that
we need to match the energy density of the quintessence field to the current
critical energy density, that is
ρ
(0)
φ ≈M2plH20 ≈ 10−47GeV 4 (2.62)
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The mass squared of the field φ is given by m2φ =
d2V (φ)
dφ2
≈ ρφ/φ2 and the
Hubble expansion rate is given by H2 ≈ ρφ/M2pl. When m2φ decreases to of
order of H20 [9, 11], the Universe enters into a tracking regime in which the
energy density of the field φ catches up the background fluid. This shows
that the field value at present is of order of the Planck mass φ0 ∼Mpl, which
is typical of most of the quintessence models. Since ρ
(0)
φ ≈ V (φ0), we obtain
the mass scale:
M = (ρ
(0)
φ M
α
pl)
1
4+α (2.63)
This constraints the allowed combination of α and M to be M = 1 GeV for
α = 2 [16]. We can reach the same conclusion by observing that, in order to
satisfy the slow-roll condition |η| . 1 (2.56), we have that:
|m2φ| . V0/M2pl ' H20 , (2.64)
which gives:
|m2φ| . H20 ≈ 10−33eV (2.65)
Nevertheless a general problem we always have to treat is finding such quintessence
potentials in particle physics.
2.3.1. Further problems of minimally coupled
quintessence
The exchange of very light fields with mass given by (2.65), gives rise to
forces of very long range, so we have to consider the direct interaction of the
quintessence field φ to ordinary matter.
As discussed in [17], there is the possibility that φ can couple to standard
model fields through interactions of the form:
βi
φ
M
Li (2.66)
where βi is a dimensionless coupling, Li is any gauge-invariant dimension-
four operator, such as FµνF
µν or iψ¯γµDµψ and M is the energy scale. In
absence of detailed knowledge about the structure of the theory at high en-
ergies, the couplings βi are expected to be of order of unity.
This scalar force mediated by φ can lead to observable violations of the uni-
versality of the free fall, which are constrained by Eo¨tvo¨s-type experiments.
We remember that a direct test of the Weak-Equivalence Principle (WEP) is
the comparison of the acceleration of two laboratory-sized bodies of different
composition in an external gravitational field. If the principle is violated,
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then the accelerations of different bodies would differ [18, 19, 20].
The simplest way to quantify such possible violations of WEP in a form
suitable for comparison with experiment is to suppose that for a body with
inertial mass mI , the gravitational mass mG is no longer equal to mI , so that
in a gravitational field g, the acceleration is given by mIa = mGg.
Now the inertial mass of a typical laboratory body is made up of several
types of mass-energy: rest energy, electromagnetic energy, weak-interaction
energy, and so on. If one of these forms of energy contributes to mG differ-
ently than it does to mI , a violation of WEP would result. One could then
write:
mG = mI +
∑
A
ηAEA
c2
(2.67)
where EA is the internal energy of the body generated by interaction A, ηA
is a dimensionless parameter that measures the strength of the violation of
WEP induced by that interaction, and c is the speed of light.
A measurement or limit on the fractional difference in acceleration between
two bodies then yields a quantity called the Eo¨tvo¨s-ratio given by:
η ≡ 2 |a1 − a2||a1 + a2| =
∑
A
ηA
(
EA1
m1c2
− E
A
2
m2c2
)
(2.68)
where we drop the subscript I from the inertial masses. Thus, experimental
limits on η place limits on the WEP-violation parameters ηA.
As discussed in [21], the differential acceleration of various test bodies, in the
direction of the Sun, is less than 10−12 times the strength of gravity. Such
limits can be translated into constraints on the dimensionless couplings βi;
for example, we could calculate the charge on a test body due to a coupling
βG2(φ/M)Tr(GµνG
µν), where Gµν is the field strength tensor for QCD [22].
From the results found by [21], is possible to put an upper limit on the
coupling βG2 :
|βG2| ≤ 10−4
(
M
Mpl
)
(2.69)
Another important phenomenon is the time variation of the constants of
nature [20].
Since the scalar field must be of order of Mpl over cosmological timescales
t0 ∼ H−10 , a coupling such as βF 2(φ/M)FµνF µν will lead to evolution of
the fine-structure constant α. Various observations constrain such variation.
For example, isotropic abundances in the Oklo natural reactor imply that
|α˙/α| < 10−15 yr−1 over the past two billion years [23], and this lead to the
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constrain:
|βF 2 | ≤ 10−6
(
MH0
〈φ˙〉
)
(2.70)
where 〈φ˙〉 is the average rate of change in the last two billion years.
So, there is clearly a good evidence against the existence of a nearly-massless
scalar fields coupled to the standard model via non-renormalizable interac-
tions with strength of order 1/Mpl because they are incompatible with phe-
nomenological constraints in the laboratory or in the solar system.
Therefore, in order to be viable, the effect of these cosmological scalar fields
should be screened in the local environment, as discussed in [24].
An example of such screening mechanisms is at work in the chameleon mod-
els, discussed in [25, 26]. In this scenario the matter-scalar coupling induces
an environment-dependent mass for the scalar field, which becomes extremely
massive when or where matter density is high.
The Vainshtein mechanism [27, 28], operates when the scalar has deriva-
tive self- couplings which become important near matter sources such as the
Earth. The strong coupling essentially cranks up the kinetic terms, which
translates into a weakened matter coupling. Thus the scalar screens itself
and becomes invisible to experiments. This mechanism is central to the phe-
nomenological viability of braneworld modifications of gravity and galileon
scalar theories [29, 30].
The last mechanism, the one explored in this thesis, is best known in the lit-
erature as the symmetron mechanism [31, 32, 33]. In its simplest implemen-
tation, a discrete symmetry is imposed on the scalar field. As a consequence,
the matter-scalar coupling is non-vanishing only if the discrete symmetry is
spontaneously broken, which happens when the environmental matter den-
sity drops below a critical value.
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Chapter 3
The Symmetron Model
3.1. The Action
The symmetron model [31, 32, 33] can be introduced as a particular scalar-
tensor theory, described by the action
S =
∫
d4x
√−g
[
M2pl
2
R− 1
2
(∂φ)2 − V (φ2)]+ ∫ d4x√−g˜Lm (ψ, g˜µν) ,
(3.1)
where
g˜µν ≡ A2
(
φ2
)
gµν , (3.2)
and by a Z2 (φ ↔ −φ) symmetry imposed on the two functions V (scalar
potential) and A (conformal matter-scalar coupling), which therefore can
depend only on integer powers of φ2. R is the Ricci scalar built from gµν and
Mpl ≡ (
√
8piG)−1, where G is the Newton’s constant in the Einstein frame
and Lm is the matter lagrangian.
Eq. (3.2) relates the Einstein frame metric gµν to the Jordan frame one,
g˜µν . Since φ couples universally to all matter fields, the weak equivalence
principle holds. Varying the action with respect to the scalar field, we obtain
the field equations for φ:
φ− ∂V
∂φ
− A3∂A
∂φ
T˜ = 0 , (3.3)
where T˜ = g˜µνT˜
µν is the trace of the Jordan frame energy-momentum tensor
T˜µν = −
(
2/
√−g˜) δLm/δg˜µν which is covariantly conserved with respect to
g˜µν : ∇˜µT˜ µν = 0.
The Einstein equations are:
M2plGµν = T
φ
µν + A
2(φ)T˜µν (3.4)
29
30 Chapter 3. The Symmetron Model
Since φ couples conformally to matter, its stress-energy tensor, which is given
by:
T φµν = ∂µφ∂νφ−
1
2
gµν(∂φ)
2 − gµνV (φ) (3.5)
is not covariantly conserved: ∇µT φµν 6= 0.
For astrophysical objects, we may use the idealization of pressureless sources,
so T˜ ' −ρ˜. Written in terms of the density ρ = A3ρ˜, which is conserved in
the Einstein frame, the scalar field equation (3.3) takes the form:
φ = ∂V
∂φ
+ ρ
∂A
∂φ
. (3.6)
Therefore, the field evolves according to an effective potential
Veff
(
φ2
)
= V
(
φ2
)
+ ρA
(
φ2
)
. (3.7)
As we said before, the functions A(φ2) and V (φ2) are assumed symmetric
under (φ ↔ −φ) and they are such that the effective symmetry breaking
potential (3.7) has a zero vacuum expectation value (VEV) for large ρ and a
large VEV for small ρ. In addition, the function A(φ2) should be such that
the coupling of scalar fluctuations δφ to matter is proportional to the VEV.
The simplest symmetron theory, studied in [33], is described by these two
functions:
V (φ2) = −1
2
µ2φ2 +
1
4
λφ4 , A(φ2) = 1 +
1
2M2
φ2 +O
(
φ4
M4
)
(3.8)
where µ and M are two mass scales and λ is a dimensionless coupling con-
stant.
In our model [34], we have chosen in this way the explicit forms for V (φ2)
and A(φ2):
V
(
φ2
)
= V¯ + V0 e
− φ2
2M2 , (3.9)
A
(
φ2
)
= e
λφ2
2M2 (3.10)
where V¯ plays the role of a cosmological constant, V0 is a energy density which
will turn out to be  V¯ , λ is a dimensionless coupling constant (which will
turn out to be  1) and M is a new mass scale [31].
Our results will not change qualitatively if a functional form different from
exponential would be chosen for the functions V (φ2) and A(φ2). Indeed,
the phenomenological constraints reviewed in the next section imply that
λ, V0/V¯ < O(10
−9) and φ/M = O(1), so we can safely expand A to linear
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order in φ2 and consider a potential for V containing up to quadratic terms
in φ2. In this case, a new parameter (the coefficient of φ4 in V (φ)) would
appear.
Assuming λ > 0, the effective potential Veff induces a density-dependent
phase transition. Indeed, its second derivative in φ = 0 is given by
d2Veff
dφ2
∣∣∣∣
φ=0
= −V0 + λρ , (3.11)
which changes sign at a redshift zt, given by.
ρ(zt) = ρ0(1 + zt)
3 =
V0
λ
. (3.12)
For z ≥ zt the minimum of Veff is at φ = 0 and the discrete symmetry is
restored, whereas for z ≤ zt two degenerate minima form at the z-dependent
values
φmin(z) = ±M
[
6
1 + λ
log
(
1 + zt
1 + z
)]1/2
(for z ≤ zt) (3.13)
and the discrete symmetry is spontaneously broken.
The coupling to matter is measured by the field-dependent quantity
β(φ) = MPl
d logA (φ2)
dφ
= λ
φMPl
M2
, (3.14)
which, if evaluated at the z-dependent minimum, vanishes for z ≥ zt. At
z = 0 it is given by
β0 ≡ β(φmin(z = 0)) = λMPl
M
[
6
1 + λ
log (1 + zt)
]1/2
, (3.15)
where we have chosen the minimum with the “ + ” sign in (3.13). Notice
that, with respect to the dark sector of the ΛCDM, the model presents three
extra parameters: indeed, besides V¯ and ρ0, playing the roles of ρΛ and ρm,
respectively, we have the coupling λ, the constant V0, and the new mass
scale M . We decide to trade the latter for the more physically transparent
parameters zt, β0, and µ ≡ M/MPl. In the following, we will discuss the
observational constraints on these parameters.
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3.2. Screening mechanism
3.2.1. Static solutions
To study the constraints on the model from tests of gravity, we consider the
symmetron profile around an astrophysical source. We model the latter by a
sphere of radius R and homogeneous mass density ρ, whereas the background
energy density is given by ρ¯. The scalar field equation (3.3) in spherical
coordinates, and in the static limit, reduces to
d2φ
dr2
+
2
r
dφ
dr
= V,φ + ρA,φ . (3.16)
Analogously to what is done in [33], the radial field equation can be thought
of as fictional particle rolling in a potential −Veff , subject to the friction
term 2
r
dφ
dr
. The solutions of the scalar field inside and outside the object were
found in [33]. They depend on a dimensionless parameter γ, called thin-shell
parameter, defined as
γ ≡ λ
M2
(ρ (t)− ρ¯ (t))R2 = 6λ M
2
Pl
M2
Φ , (3.17)
where ρ is the matter density inside the sphere, ρ¯ is the cosmological one,
and Φ the gravitational potential of the spherical overdensity with respect
to the cosmological background. Physically, this ratio measures the sur-
face Newtonian potential relative to M2/λM2Pl. γ will soon be interpreted
as a thin-shell factor for the solutions, in analogy with Chameleon models
[25]. Indeed, (3.17) matches the chameleon thin-shell expression, therefore,
symmetrons and chameleons have similar phenomenology, in particular for
astrophysical tests. If we rewrite the density inside the sphere as
ρ (t) = ρi
(
Ri
R (t)
)3
,
where ρi and Ri are respectively the initial density and the initial radius of
the sphere, and the density of the background as
ρ¯ (t) = ρ¯i
(
ai
a (t)
)3
,
where ρ¯i is the initial density of the background, the γ parameter becomes:
γ (t) =
λ
µ2
3H20R
2
i
[
(1 + δm,i)
(
Ri
R (t)
)
−
(
ai
a (t)
)3(
R (t)
Ri
)2]
, (3.18)
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where δm,i is the initial density contrast, defined as δm,i =
δρi
ρ¯i
= ρi−ρ¯i
ρ¯i
.
Consider a test particle at a distance R r  m−1φ away from the object,
where mφ is the mass of the scalar field. The scalar force to gravity ratio on
this particle is [35]
Fφ
FN
= −β (φ)
MPl
dφ/dr
FN
, (3.19)
with β (φ) given in (3.14). Substituting the expression for the scalar field
outside the object (r > R) into Eq. (3.19), we have
Fφ
FN
= 6
β (φ)2
γ
[
1−
√
1/γ tanh (
√
γ)
]
, (3.20)
from which the dependence of the fifth force on the parameter γ is manifest.
Different astrophysical objects (stars, planets, galaxies) can be screened or
unscreened according to their respective values for γ. If γ  1, Eq. (3.20)
reduces to [35]
Fφ
FN
' 6β (φ)
2
γ
 1 , (3.21)
and the object is screened. In this regime the field inside the object is expo-
nentially suppressed with respect to the asymptotical value outside, except
within a thin-shell beneath the surface. In the opposite regime, γ  1, we
can Taylor expand Eq. (3.20), which gives [33]
Fφ
FN
' 2β2 (3.22)
There is no thin-shell in this case; the scalar field has basically the same
value inside and outside the object, hence the symmetron couples with grav-
itational strength to the entire source.
3.3. Constraints from tests of gravity
Since the field is long ranged (and universally coupled) in almost all situations
today the theory is best constrained by solar system experiments which have
been performed with high precision.
In this section, we adapt the findings of [33] to the present implementation of
the symmetron scenario. Requiring that our Galaxy is sufficiently screened,
namely, that γG > 10, gives (from Eq. 3.17 and using ΦG ∼ 10−6)
M
MPl
= µ <
√
λΦG . 10−3λ1/2 . (3.23)
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In this parameter regime, the Sun (Φ ∼ 10−6) is also screened, but the Earth
(Φ⊕ ∼ 10−9) is not [33].
GR tests in the solar system give constraints on the two post-Newtonian
parameters, γPPN and βPPN [20], which can be expressed in terms of the
scalar coupling β(φ) of Eq. (3.14). The tightest constraint on γPPN comes
from time-delay and light-deflection observations. In the present model, they
imply
|γPPN − 1| = 2 β(φ)
2
1 + β(φ)2
≈ 2λ2φ2M
2
Pl
M4
=
1
3
γ
φ2
M2
λ
Φ
, (3.24)
where, to obtain the last equality, we have used Eq. (3.17).
Near the Sun, using the solution of the field equation for the screened case
[33], we have that φ = φ ≈ φG/√γ where φG is the asymptotic value of φ
inside the galaxy. The relation between φG and the asymptotic cosmological
value today, φ¯0, is also obtained from the solution of the field equation,
√
γ
φ
M
' φG
M
' φ¯0
M
RG
Rs.s.
1√
γG
e
√
γG
“
1−Rs.s
RG
”
' 3 · 10−2 φ¯0
M
, (3.25)
where RG ∼ 100 kpc is the galactic radius, Rs.s. ∼ 10 kpc is the distance
between the solar system and the galactic center and, following [33], we have
adopted the fiducial value γG = 20. Inserting (3.25) in (3.24) we have
|γPPN − 1| ' 3 · 104λ
(
φ¯0
M
)2
, (3.26)
where we have also used Φ ∼ 10−6. Since from (3.13) we have φ¯0/M = O(1),
the current constraints from the Cassini spacecraft [36], |γPPN − 1| ≈ 10−5
can be satisfied for λ . 10−9. Similar bounds come from the Nordvedt Effect,
which describes the difference in free-fall acceleration of the Moon and the
Earth towards the Sun due to scalar-induced differences in their gravitational
binding energy.
Finally, constraints from binary pulsars are trivially satisfied, since both the
neutron star and its companion are screened. As we can see from [33], the
force between these bodies is therefore suppressed by two thin-shell factors:
Fφ
FN
=
1
γpulsar
· 1
γcompanion
. (3.27)
Estimating Φpulsar ∼ 0.1 and Φcompanion ∼ 10−6, then for our fiducial param-
eter choices we obtain γpulsar ∼ 105, γcompanion ∼ 10 and therefore FφFN ≈ 10−6,
well below the current pulsar constraints on scalar-tensor theories.
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The scalar field mass in the cosmological background is given by the second
derivative of the effective potential (3.7) evaluated in φ¯0. It is
m2φ ∼
V0
M2
∼ λ
µ2
ρ0
M2Pl
> 106H20 , (3.28)
where we have used eqs. (3.12) and (3.23). This is in agreement with the
findings of refs. [37, 38] and implies that the scalar field range is smaller
than O(Mpc), and therefore the scalar force gives no observable signature on
linear and mildly non-linear scales, which are above O(10 Mpc).
In the next sections we will discuss the effect of the symmetron model on
non-linear scales, by using the spherical collapse approximation.
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Chapter 4
Non-linear evolution of
cosmological perturbations
An interesting point of view is the study of the growth of density perturba-
tions during a regime which lies between the linear perturbation theory and
the full non-linear dynamics that can be treat only with N-body simulations.
To do this, we can perform a semi-analytic study by using the spherical col-
lapse model in order to provide a complementary physical insight on what is
going on respect to the previous results obtained from N-body simulations
that have been performed for Chameleon [39], Vainshtein [40], and Sym-
metron [41, 42] models. In this chapter, we’ll study the symmetron model in
the spherical collapse approximation and then we’ll use the outputs of this
analysis to compute the halo mass function and the linear bias.
4.1. Spherical collapse
A standard approach to follow the evolution of cold dark matter structures
during the first stages of the non-linear regime is the spherical collapse model
[43, 44, 45]. This approach was first applied to the EdS Universe and later
on in the context of the ΛCDM [46]. Recently, the spherical collapse ap-
proximation has been also extended to quintessence models, as for instance
in [47, 48].
In the following we will briefly review the basic equations in the EdS and
ΛCDM cases and then we will extend these to the symmetron model.
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perturbations
4.1.1. Application to standard cosmologies
Consider a spherical density perturbation of radius R within a homogeneous
background Universe. Under the effect of the gravitational attraction, the
perturbation grows, possibly entering the nonlinear regime, depending on
the scale of the perturbation. As a consequence of Birkhoff’s theorem we can
treat the spherical overdensity as a closed Universe where the total density
ρ = ρ¯ + δρ exceeds the density of the background ρ¯ due to the presence of
the density perturbation. The radius R evolves according to the Friedmann
equation:
R¨
R
= − 1
6M2Pl
∑
α
ρα [(1 + 3wα)] (4.1)
where the sum is over particle species. This sphere is embedded in a homo-
geneous Friedmann-Robertson-Walker (FRW) background characterized by
the scale factor a (t) and the Hubble function H¯ ≡ a˙/a. We use a bar to
indicate background quantities. With this notation the Friedmann equations
describing the homogeneous and flat background Universe are:
H¯2 =
1
3M2Pl
∑
α
ρ¯α (4.2)(
a¨
a
)
= − 1
6M2Pl
∑
α
ρ¯α [(1 + 3w¯α)] . (4.3)
In the EdS and ΛCDM scenarios, the matter energy density ρm and the cos-
mological constant energy density ρΛ are conserved, both inside and outside
the spherical perturbation:
ρ˙m + 3Hρm = 0 (4.4)
˙¯ρm + 3H¯ρ¯m = 0 (4.5)
ρ¯Λ = ρΛ = const. (4.6)
The non-linear density contrast is defined by 1 + δm ≡ ρm/ρ¯m and it is
determined by Eqs. (4.4) and (4.5). Linear perturbation theory [49], on the
other hand, gives the evolution equation:
δ¨m,L + 2H¯δ˙m,L − 1
2M2Pl
ρ¯mδm,L = 0 . (4.7)
Eqs. (4.1)–(4.7) can be integrated numerically. We start the integration at
some initial time tin when the total energy density in the spherical overden-
sity is higher than the critical energy density, due to the presence of the
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perturbation δm. Eq. (4.1) gives the function R (z). This first increases as
the spherical perturbation expands following the background evolution, then
it reaches a maximum value (turnaround) in which comoving velocities be-
come zero; finally, the sphere collapses and its radius tends to zero. The
redshift of collapse depends on the initial density contrast δm,i: the higher is
δm,i, the earlier the overdense region collapses. The corresponding value of
the linear density contrast extrapolated at the time of collapse is referred to
as δc and it can be calculated by stopping the evolution of Eq. (4.7) when δm
goes to infinity, i.e. the overdensity collapses. Varying the initial conditions
one obtains different collapse redshifts zc. In this way we derive the redshift
dependence of the critical density δc = δc (zc). To be sure of starting the
integration when overdensities are still linear, we find that it is necessary
to work in a range of initial overdensities with δm,in  1 (in our numerical
computations, we take δm,in . 10−3) . The quantity δc is important because
it represents one of the key ingredients to calculate the halo-mass function,
which provides a statistical information on the mass distribution of the col-
lapsed spherical overdensities, i.e. the dark matter halos (see sect. 5).
In an EdS scenario the linear density contrast at collapse can be calculated
analytically [44, 45] and it is equal to a constant value independent of the
redshift of collapse zc:
δc = (3/20) (12pi)
2/3 ' 1.686 . (4.8)
In the ΛCDM case, instead, this value decreases for late collapse times, when
dark energy dominates over matter and leads to cosmic acceleration, slowing
down the structure formation. This well known effect is shown in Fig. 6.2,
where we plot δc (zc) for the EdS and the ΛCDM scenarios.
4.1.2. Application to the symmetron model
Now we generalize the spherical collapse equations to the case of the sym-
metron model. We make here a few simplifying assumptions which never-
theless allow us to properly account for the main features of the symmetron
mediated force. We approximate the coupling function β(φ) inside the spher-
ical overdensity to be equal to the cosmological one, β(φmin(z)), as long as
the parameter γ, computed according to eq. (3.18), is smaller than a thresh-
old value γtr = O(1), and to drop to zero everywhere inside the overdensity
as soon as γ > γtr (for a refined treatment of the scale dependence of the cou-
pling β(φ) and of the overdensity profile, see ref. [50]). Moreover, we consider
only spherical overdensities characterized by mφR < 1, a requirement which
considerably simplifies the Poisson equation for the scalar field fluctuations.
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Figure 4.1: Extrapolated linear density contrast at collapse δc
vs. zc + 1 for EdS (blue curve) and ΛCDM (red curve)
models.
Within these assumptions we can treat the evolution of the sphere of radius
R as the one of a closed Universe coupled to the background expansion.
We start with a qualitative description of the spherical collapse in the
symmetron model. In general, before the phase transition (z > zt) the sym-
metron sits on the minimum φ = φmin = 0 and the model coincides with the
ΛCDM. After the phase transition (z < zt), the symmetron evolves towards a
different minimum φ = φmin 6= 0 (3.13) which implies β(φ) 6= 0 and therefore
a spherical collapse potentially different from the one of the ΛCDM. Let us
now assume β(φ) 6= 0. Initially, for all the time before the phase transition,
the scalar field is zero inside the sphere and in the background, so is not im-
portant to clarify if the sphere is in the thick-shell or in the thin-shell regime;
only after the phase transition, the subsequent evolution of the sphere will
always drive the γ parameter towards values larger than the O(1) threshold
γtr, independently from the initial radius Ri of the overdensity, as one can
see taking the limit R → 0 in Eq. (3.17). In practice, however, dark matter
halos form at the virialization radius R = Rvir, corresponding to a value of
γ which we denote here by γvir. This allows us to clearly identify two differ-
ent scenarios: for small enough initial radii the overdensity viarializes when
γvir < γtr, and therefore the sphere remains in the thick-shell regime until
the associated dark matter halo has formed. For large initial radii, instead,
dark matter halos form when γvir > γtr, which implies a transition from the
thick-shell regime to the thin-shell regime, defined in fact by the condition
γ > γtr.
We now introduce the equations which quantitatively describe the spher-
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ical collapse in the symmetron model. We denote by φ the scalar field inside
the sphere and by φ¯ the background scalar field.
The flat background Universe is described by the Friedmann equations:
a¨
a
= − 1
6M2Pl
[
ρ¯mA
(
φ¯2
)
+ ρ¯φ + 3p¯φ
]
(4.9)(
a˙
a
)2
=
1
3M2Pl
[
ρ¯mA
(
φ¯2
)
+ ρ¯φ
]
(4.10)
where
ρ¯φ =
1
2
˙¯φ2 + V
(
φ¯2
)
(4.11)
p¯φ =
1
2
˙¯φ2 − V (φ¯2) (4.12)
are respectively the density and the pressure of the background scalar field.
We can derive the evolution equation for the sphere radius R by following
the same steps of [48]. We find:
R¨
R
= −β (φ) ˙¯φ
(
H¯ − R˙
R
)
+
a¨
a
− 1
6M2Pl
ρ¯mδm
[
1 + 2β (φ)2
]
. (4.13)
This equation describes the general evolution of the radius of a spherical
overdense region subject to a scalar coupling β(φ), which controls the terms
responsible for the additional attractive force. Since the scalar field slowly
evolves following the background minimum φmin(z), we can safely neglect all
terms proportional to ˙¯φ in Eq. (4.9), (4.10) and (4.13). This leads to:
a¨
a
= − 1
6M2Pl
[
ρ¯mA
(
φ¯2
)− 2V (φ¯2)] (4.14)(
a˙
a
)2
=
1
3M2Pl
[
ρ¯mA
(
φ¯2
)
+ V
(
φ¯2
)]
(4.15)
R¨
R
=
a¨
a
− 1
6M2Pl
ρ¯mδm
[
1 + 2β(φ)2
]
. (4.16)
We now present the results of a numerical integration of the equations
for the spherical collapse in the symmetron model. In our examples, we will
fix the scalar coupling today, defined in (3.15), at β0 = 1, and we fix zt = 1
and µ = 10−9. With these parameters, spherical overdensities of initial radii
smaller than 0.9 Mpc h−1 in comoving units do not cross the γ = 1 threshold
before virialization, therefore their evolution takes place entirely in the thick
shell regime. If we integrate numerically Eqs. (4.14), (4.15) and (4.16) from
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Figure 4.2: Evolution of radius RRi vs redshift for δm,i = 0.0003.
The blu curve represents the ΛCDM model, the green
curve and the red curve are associated with the transition
regime from thick to thin-shell obtained by fixing Ri ∼
4 Mpc h−1 and Ri ∼ 3.5 Mpc h−1 respectively and the
yellow curve represents the thick-shell regime, obtained by
fixing Ri = 0.9 Mpc h−1. As we can see, before the phase
transition (z ≥ 1) the models coincide with the ΛCDM .
After the phase transition (z < 1), we observe that the
sphere collapses earlier in the thick-shell regime (yellow
curve) with respect to the other models. We can also see
that at z ∼ 0.6 the yellow curve starts to be different from
the red curve: this point represents the transition from
thick to thin-shell and the moment in which γ becomes
larger than γtr.
zi ∼ 7000 to zf = 0, with an initial density contrast δm,i = 0.0003 and setting
φ(z) = φmin(z) at all z, we observe that the radius collapses at z ' 0.3, as
we can see from Fig. 6.1.
For large initial radii, namely Ri & 0.9 Mpc h−1, the spherical collapse
passes through a thick-shell/thin-shell transition before collapsing. After the
transition the scalar force is confined only within a thin-shell beneath the
surface so the sphere collapses later with respect to the case in which the
object is unscreened, as one can see from Fig. 6.1.
Having determined the evolution of R in time, we can now determine δc.
We follow the same steps of [48] to obtain the non-linear evolution of the
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Figure 4.3: Extrapolated linear density contrast at collapse δc
vs. zc + 1 for EdS (green curve), ΛCDM (blue curve),
transition from thick to thin-shell regime (red curve) and
thick-shell regime (yellow curve) models.
density contrast:
δ¨m =
(
β ˙¯φ− 2H¯
)
δ˙m +
4
3
δ˙2m
1 + δm
+
1 + δm
a2
∇2Φeff . (4.17)
Linearization leads to
δ¨m,L =
(
β ˙¯φ− 2H¯
)
δ˙m,L +
1
a2
∇2Φeff (4.18)
where Φeff is the effective gravitational potential given by
Φeff ≡ Φ + βδφ (4.19)
which obeys the modified Poisson equation
∇2Φeff = a
2
2M2Pl
ρ¯mδm
(
1 + 2β2
)
(4.20)
and Φ the usual gravitational potential. Since the scalar field is slowly varying
during the spherical collapse, we can neglect all terms proportional to ˙¯φ in
Eq. (4.18) and write
δ¨m,L ' −2H¯δ˙m,L + 1
a2
∇2Φeff (4.21)
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where H¯ is defined in Eq. (4.2). When β (φ)=0, Eq. (4.21) coincides with
Eq. (4.7). We numerically solve Eq. (4.21) from zi ∼ 7000 to zf = 0 and
calculate the value of the linear density contrast at collapse δm,L (z = zc) for
different zc by varying the value of δm,i, as we have done for the ΛCDM case.
From Fig. 4.3 one can see that the two scenarios studied here (thick-shell
regime and transition from thick to thin-shell regime) approach the ΛCDM
prediction at high redshifts corresponding to the Z2-symmetric phase. At
z = 0, the difference in δc with respect to the ΛCDM case is of about 2% for
the thin-shell regime and of about 5% for the thick-shell regime, with the
present choice of parameters.
4.2. Halo mass function and bias
The halo-mass function is defined as the comoving number density of halos
per logarithmic interval in the virial mass Mv [44, 45]. Recently there has
been a renewed theoretical interest regarding the halo mass function which
has led to a variety of novel approaches to its determination, including in-
teresting applications of the path integral formalism [51]. In the present
analysis, which aims at comparing the predictions of our symmetron model
with standard ΛCDM results, we will use a simple prescription for the halo
mass function which relies on the Press-Schechter theory and on a scaling
function first proposed by Sheth and Tormen (ST) [52]. This approach has
been tested in various frameworks (see for instance [53]) and it guarantees
sufficient accuracy for the purposes of the present work. Within these as-
sumptions, the halo mass function takes the following form [52]
nlnMv ≡
dn
d lnMv
=
ρ¯mA(φ¯)
Mv
f (ν)
dν
d lnMv
, (4.22)
where the linear power spectrum entering in the variable ν = δc/σ (Mv) is
evaluated at present time. Here σ (Mv) is the variance of the linear density
field convolved with a top hat of radius r that encloses the mass Mv =
4pir3ρ¯mA(φ¯)/3, namely
σ2 (M) =
∫
d3k
(2pi)3
∣∣∣W˜ (kr)∣∣∣2 PL (k) , (4.23)
where PL (k) is the linear power spectrum and W˜ is the Fourier transform of
the top hat window function. The ST scaling function appearing in Eq. (4.22)
is given by
νf (ν) = ξ
√
2
pi
aν2
[
1 +
(
aν2
)−p]
exp
[−aν2/2] , (4.24)
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Figure 4.4: Relative deviation from the ΛCDM prediction of the
halo mass function obtained within the symmetron model.
The dependence of δc on the virial mass has been included
as explained in the text. The red dots correspond to the
masses for which we actually calculated the halo mass func-
tion, whereas the blue dashed curve connecting them has
been drawn for illustrative purposes.
where the normalization constant ξ guarantees that f is correctly normalized,
i.e.
∫
dνf (ν) = 1. In all numerical applications of this expression presented
here we will assume p = 0.3 and a = 0.75 [53].
Contrary to the ΛCDM case, in the symmetron model the calculation
of the halo mass function is complicated by the fact that δc depends on
the initial radius of the collapsing structure, and therefore in turn on its
virial mass. To handle this complication within the ST approach we have
calculated δc(z = 0) for a sample of virial masses spanning the mass range
between 5 × 1011M h−1 and 5 × 1015M h−1, and than used these values
of δc(z = 0) to evaluate the mass function. For each mass in this range we
have used the appropriate value of δc. In Fig. 4.4 we show the halo mass
function resulting from this procedure. Since the differences with respect to
the ΛCDM case are at the few percent level, rather than showing the halo
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Figure 4.5: Relative deviation from the ΛCDM prediction of
the linear bias of the symmetron model. Since bL explic-
itly depends on δc (and not only through the variable ν),
contrary to the case of the mass function, also at large
virial masses we observe percent deviations of our model
from the ΛCDM prediction.
mass function itself, we plot the relative difference between the halo mass
function of the symmetron model and the corresponding quantity calculated
for the ΛCDM. The red dots correspond to the masses for which we actually
calculated the halo mass function, whereas the blue dashed curve connecting
them has been drawn for illustrative purposes. As one can clearly see from
this figure, for virial masses larger than about 1013M h−1, the halo mass
function of the symmetron model tends towards the one of the ΛCDM. The
reason is that in the large virial mass limit the two models differ for their
linear growth function only (as we can see from Fig. 6.1, if we increase the
value of the initial radius, the sphere collapses at redshift closer to ΛCDM:
for values of Ri > 5 Mpc h
−1, the sphere collapses at the same redshift
of ΛCDM). This quantity cancels in the ratio which defines the variable ν,
which thereby depends in both cases on the same initial conditions only.
We conclude this section focusing on the dark matter halo bias.
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Collapsed dark matter halos are biased tracers of the underlying dark matter
distribution. This bias can be quantified comparing the halo-mass cross
power spectrum with the matter power spectrum. Within the ST framework
the linear bias (i.e. the bias in the limit k → 0) takes the following form [52]
bL (Mv) = 1 +
aν2 − 1
δc
+
2p
δc [1 + (aν2)
p]
. (4.25)
In Fig. 4.5 we show the predictions of our model and compare them with
standard ΛCDM expectations. Also in the case of the linear bias we employ
the same approach outlined above to account for the dependence of δc on
the viral mass. Since bL explicitly depends on δc (and not only through
the variable ν), also at large virial masses we observe percent deviations
of our model from the ΛCDM prediction. The feature in the plot at about
1013M h−1 corresponds in fact to the transition between a regime where the
variable ν coincides in the two scenarios to a regime in which ν is different
in the two cases.
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Chapter 5
Modified gravity theories
At the end of Chapter 1 we introduced cosmological models able to produce
an accelerated expansion phase without a cosmological constant, so called
Quintessence models. We can think of them as Modified matter theories
since they are constructed modifying the right side of Einstein equations:
Gµν = 8piGT
mod
µν (5.1)
In these models, the acceleration of the Universe is produced thanks to the
introduction of new energy components besides matter and radiation in Tµν .
Also the cosmological constant Λ can be seen as a modified matter theory
since it can be introduced as an addition to the stress-energy tensor Tµν :
Gµν = 8piGTµν + Λgµν ⇒ 8piGTmodµν (5.2)
Nevertheless the cosmological constant can be also seen as a modification to
Einstein’s General Relativity Lagrangian, by introducing it at the left side of
Einstein equations as a modification of the Einstein tensor Gµν . In general,
another possible way to produce an accelerated expansion phase is to modify
the gravity theory:
Gmodµν = 8piGTµν (5.3)
This kind of theories that modify the Einstein tensor are known as Modi-
fied gravity Theories. We remember that the first modifications of General
Relativity were made at the beginning of the twentieth century by Weyl [54]
and Eddington [55] since they introduced higher order invariant terms in the
Lagrangian.
Later on, attempts to build a quantum theory of gravity also lead to modifi-
cation of GR. However, these modifications arise from quantum corrections
which are important only at high energies and curvatures; from the cosmo-
logical point of view, it means that we are considering epochs close to the
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Big Bang.
In order to generate the present cosmic acceleration of the Universe, the mod-
ifications have to be important when energy and curvature are low, contrary
to the previous case.
One of the simplest ways to modify General Relativity is to replace the Ricci
scalar R with a general function of itself f(R) into the Lagrangian, without
the introduction of other scalar quantities:
S =
M2pl
2
∫
d4x
√−gf(R) + Sm(gµν , ψm), (5.4)
Theories with this kind of action are known as f(R) gravity theories [56, 57].
Another class of modified gravity models is the one of Scalar-Tensor theories
[58, 59, 60]; thanks to a proper coupling between the Ricci scalar R and a
scalar field φ, these theories may produce the cosmic acceleration that we
actually observe.
The general action for scalar-tensor theories can be written as :
S =
∫
d4x
√−g
[
M2pl
2
f(φ,R)− 1
2
ζ(φ) (∇φ)2
]
+ Sm(gµν , ψm) (5.5)
where f depends on the scalar field φ and on the Ricci scalar R, ζ is a
function of φ and Sm is the matter Lagrangian that depends on the metric
gµν and on matter fields ψm. The f(R) gravity is a subclass of scalar-tensor
theories since it corresponds to the choice: f(φ,R) = f(R) and ζ(φ) = 0.
Also the Brans-Dicke theory is a particular example of scalar tensor theories,
which corresponds to the choice: f = φR and ζ = ωBD/φ, where ωBD is the
Brans-Dicke parameter. A generalization of the Brans-Dicke theory can be
obtained by adding the potential U(φ) to the action (5.5), which correspond
to the choice: f = φR− 2U(φ) and ζ = ωBD/φ.
We consider theories in which the function f(φ,R) takes the form:
f(φ,R) = F (φ)R− 2U(φ) (5.6)
where F (φ) ≡ ∂f
∂R
. Then the action (5.5) in the Jordan frame becomes:
S =
∫
d4x
√−g
[
M2pl
2
F (ϕ)R− 1
2
(1− 6Q2)F (ϕ) (∇ϕ)2 − U(ϕ)
]
+Sm(gµν , ψm)
(5.7)
where:
ϕ =
∫
dφ
√
3
2
(
F,φ
F
)2
+
ζ
F
(5.8)
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We also introduce the strength of the coupling between dark energy and
matter, Q, which is given by:
Q ≡ −F,ϕ
2F
= −F,φ
F
[
3
2
(
F,φ
F
)2
+
ζ
F
]−1/2
(5.9)
If Q is constant, from Eq. (5.8) and (5.9) we have:
F = e−2Qϕ (5.10)
and
ζ = (1− 6Q2)F
(
dϕ
dφ
)2
(5.11)
If we transform the action (5.7) from the Jordan frame to the Einstein frame
through a conformal transformation g˜µν = F (φ)gµν , we obtain an action
equivalent to that used for the chameleon model [25, 26]. So the symmetron
model discussed in the previous chapter can be considered as a modified
gravity model since its action (Eq. (3.1)) is a particular case of the action
for the chameleon model.
There is also another class of modified gravity models that is motivated by
quantum gravity theories. In the braneworld models proposed by Dvali,
Gabadadze and Porrati (DGP models) [29] the strong, weak and electromag-
netic forces are confined into 4-dimensions, while gravity acts on 5 dimen-
sions; for this kind of models, we require that Newton’s gravity is recovered
at small scales, while the effect of the fifth dimension is important at large
scales leading to an acceleration of the Universe expansion, produced without
the introduction of any additional components. The models based on f(R)
and on scalar-tensor theories can be compatible with local gravity constraints
under the chameleon mechanism as long as the scalar degree of freedom has
a large effective mass in the region of high density [25].
For the DGP model and also for the Galileon gravity model [30], the non-
linear field self-interaction can allow to recover the General Relativistic be-
havior in the local region through the Vainshtein mechanism.
For the dark energy models mentioned so far, the field equations of motion
are kept up to the second order. As shown by the Ostrogradski’s theorem
[61], this is a necessary (but not sufficient) condition to avoid the instabilities
associated with the derivatives higher than the second order.
In 1974 Horndeski [62] derived the most general 4- dimensional single-field
Lagrangian for scalar-tensor theories which gives second-order equations of
motion; more recently, in connection to the covariant Galileon field, this
theory was rediscovered by Deffayet et al. [63].
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5.1. The Horndeski Lagrangian
The Horndeski Lagrangian (HL), which describes the dark energy sector, is
given by the sum of four terms:
L =
5∑
i=2
Li (5.12)
where:
L2 = K(φ,X), (5.13)
L3 = −G3(φ,X)φ, (5.14)
L4 = G4(φ,X)R +G4,X
[
(φ)2 − (∇µ∇νφ)(∇µ∇νφ)
]
(5.15)
L5 = G5(φ,X)Gµν(∇µ∇νφ)− (5.16)
− 1
6
G5,X
[
(φ)3 − 3(φ)(∇µ∇νφ)(∇µ∇νφ)
]−
− 1
3
G5,X
[
(∇µ∇αφ)(∇α∇βφ)(∇β∇µφ)
]
where K(φ,X) is a non-canonical kinetic term, which is a function of φ and
of the kinetic energy X = −∂µφ∂µφ/2, Gi(φ,X) (i = 3, 4, 5) are arbitrary
coupling functions and Gi,X are the partial derivatives of G respect to X.
We note that the Lagrangian (5.12) covers all the gravitational theories listed
below.
• Quintessence:
The Lagrangian for the Quintessence model (2.47) corresponds to the
choice:
K(φ,X) = X/2− V (φ) , G3 = 0, (5.17)
G4 =
M2pl
2
, G5 = 0 (5.18)
If we replace the canonical kinetic term X with a non-canonical kinetic
term K(φ,X), we obtain the K-Essence model.
• Brans-Dicke theory:
The Lagrangian for Brans-Dicke theory is given by:
K(φ,X) = −M
2
plωBDX
2φ
− V (φ) , G3 = 0, (5.19)
G4 =
M2pl
2
φ , G5 = 0 (5.20)
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When ωBD = −1, we have the dilaton gravity model [64].
• f(R) gravity: This theory corresponds to the choice:
K(φ,X) = −M
2
pl
2
(RF − f(R)) , G3 = 0, (5.21)
G4 =
M2pl
2
F , G5 = 0 (5.22)
where F ≡ ∂f/∂R.
• Covariant Galileon theory:
The Covarian Galileon theory corresponds to the choice:
K(φ,X) = c2X , G3 = c3X, (5.23)
G4 =
M2pl
2
+ c4X
2 , G5 = c5X
2. (5.24)
where c2,3,4,5 are constant.
5.1.1. Linear perturbation equations
Now, we are interested in the evolution of linear perturbations in the quasi-
static limit. It means that we are considering scales inside the cosmological
horizon, so we have that k/(aH)  1, and also inside the Jeans length of
the scalar field, i.e. csk  1. In this way, we neglect the time-derivative of
the scalar field respect to the space-derivative.
As shown in several papers (e.g. [65, 66, 67]), a generic modification of grav-
ity introduces at linear perturbation level two new functions that depend
only on background time-dependent quantities and, in Fourier space, on the
wavenumber k. One function, that we denote with Y (t, k), represents the ra-
tio between the effective gravitational constant Geff and the Newton constant
G for matter and it modifies the standard Poisson equation:
Y (a, k) ≡ − 2k
2Ψ
3(aH)2Ωmδm
(5.25)
where Ψ is the gravitational potential which perturbs the temporal part of
the FRW metric.
The second one, η(t, k), the anisotropic stress or tilt, provides the relation
between the two gravity potentials Ψ,Φ:
η ≡ −Φ
Ψ
(5.26)
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In standard gravity, one has Y = η = 1.
For the Horndeski theory, the two functions η and Y take a particularly
simple form [66]:
η = h2
(
1 + k2h4
1 + k2h5
)
(5.27)
Y = h1
(
1 + k2h5
1 + k2h3
)
(5.28)
where hi(i = 1...5) are generic functions of φ and X respect to the time, all
evaluated on the background.
For ΛCDM model, one has simply h1,2 = 1 and h3,4,5 = 0.
For the K-Essence model (which corresponds to the choices (5.18)), we have
that η = 1 and Y = 1, so there aren’t modified-gravity effects.
For the evolution of density perturbations, assuming always the quasi-static
limit, we have:
δ′′m + (2 +
E ′
E
)δ′m =
3
2
ΩmδmY (a, k) (5.29)
where Ωm = Ωm0a
−3/E2 and E ≡ H/H0. The prime denotes the derivative
respect to N ≡ ln(a) and, for the Horndeski theory, Y is given by (5.28).
In the next Chapter, we will discuss the constraints that we can obtain on
modified gravity parameters by using observations of redshift space distor-
tions.
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Observational constraints on
modified gravity
Testing possible modifications of gravity at very large scales is currently one
of the most interesting research activity in cosmology.
What we want to do is to measure modified gravity parameters, defined in
(5.25)-(5.26), with realistic surveys, and to what precision.
As discussed in [68], is possible to use the motion of the light and of non-
relativistic test-particle like galaxies to map out the metric functions Ψ and
Φ in principle, and therefore η is an observable quantity. However, in order
to characterize the configuration of dark energy in our universe, we also have
to map the effective Newton’s constant Y , which describes the relative size
of the energy-density perturbations of dark-energy and dark-matter.
6.1. A model independent approach
One problem that we have when we estimates a parameter is that often one
makes explicitly or implicitly several assumptions that might not be war-
ranted by current data [69].
For instance, one often assumes that the behavior of the cosmological model
before dark energy domination, i.e. essentially at any time except very re-
cently, is the standard radiation and matter dominated universe. While we
have at least some proof that the radiation epoch had to be close to standard,
otherwise one would see deviations from the standard big bang nucleosyn-
thesis and on the microwave background sky, we have much less robust data
concerning the matter dominated era, in particular between decoupling and
now. For instance, models in which the dark energy was a substantial frac-
tion of the cosmic energy at high redshift [70, 71] cannot yet be excluded.
We identify in particular three assumptions that are very commonly made (at
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least one of them is included in, for instance, [72, 73, 74, 75, 76, 77, 78, 79])
and which are certainly acceptable in some cases but that, in reality, are not
necessarily warranted in more general gravity theories.
First, we do not know what is the present value of the matter density frac-
tion Ωm,0. If we take it from distance measurements (supernovae, baryon
acoustic oscillation) then one should be aware that the observed quantity is
the expansion rate H(z) and not the equation of state w(z) or Ωm,0. In fact,
the EOS w(z) depends on assuming a value of Ωm,0, and viceversa [80]. Of
course if w(z) is parametrized by a small number of parameters then one
can get also Ωm,0 from the distance data, but the estimation will depend on
the chosen parametrization. Moreover, Ωm,0 cannot be determined without
ambiguity with other techniques, e.g. from weak lensing (e.g. [81]) or X-ray
temperature in clusters (e.g. [82]), since these estimates always assume stan-
dard Newtonian gravity.
Second, we do not know what is the present value of the power spectrum
amplitude σ8. In fact, any estimate of σ8, through e.g. weak lensing (see
e.g. [81]), cosmic microwave background (e.g. [83]), or cluster abundances
(see e.g. [82], [1]), depends again on assuming a particular (normally, New-
tonian), theory of gravity.
Third, when we obtain the theoretical behavior of linear perturbations, by in-
tegrating the matter conservation equations (5.29), we need to assume some
initial condition for the matter density contrast δm and the peculiar velocity
divergence θm (or equivalently on δm and δ
′
m). Typically, this problem is
bypassed assuming that the evolution in the past (say, for redshifts z  1 )
was identical to a matter dominated universe so that δm ∼ a and δ′in = δin
(of course since we are in the linear regime one can always choose freely one
of the two initial conditions, say δin). However, if we do not know the cos-
mological model in the past, we cannot fix δ′in.
For instance, in some coupled dark matter-dark energy model the perturba-
tions grow faster than in ΛCDM during the matter epoch due to the fact that
the dark energy field is not negligible (e.g. [84]); in this case δ′in > δin. Simi-
larly, in a Brans-Dicke model with coupling ω one has δ′in = (2+ω)δin/(1+ω)
[85]; although ω has to be very large to pass local gravity constraints, if a
screening mechanism is present these bounds becomes very weak. An initial
condition different from the standard case f = 1 occurs also in some bigrav-
ity model (see e.g. [86]).
Now we want to examine what constraints one can still get on modified grav-
ity, in particular on Y , when all three assumptions, on Ωm,0, σ8 and δ
′
in, are
lifted by marginalizing over all the non-degenerate parameters.
We will consider both current data and forecasted data from a future ex-
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periment that approximates the Euclid1 survey [87]. We call this a model-
independent approach, although of course we are still making several model-
dependent assumptions, like for instance that we are really dealing with linear
scales in the sub-horizon regime and that matter is conserved.
We also assume for simplicity that matter is a pressureless fluid and that
the background is well approximated by a ΛCDM behavior during the red-
shift range that we consider. These assumptions can be generalized by adding
more parameters, for instance the dark energy equation of state at the present
time w0, its time derivative, and its sound speed, and we expect of course
that the results will also depend on the new parameters. One has also to bear
in mind that it is possible to modify gravity leaving the function Y unaltered
(but not η, when properly defined in the Jordan frame, see discussion in [88])
so that even finding Y = 1 does not guarantee Einsteinian gravity.
6.2. Redshift Space Distortion observations
Galaxy surveys measure the redshift of galaxies, in order to provide the
redshift space galaxy distributions. From those measurements, is possible to
extract the position of the galaxies. However, the inferred galaxy distribution
(and the power spectrum) is distorted with respect to the galaxy distributions
in real space, since in redshift space one takes into account the peculiar
velocities of the galaxies. These are the so called redshift space distortions.
From linear perturbation theory and introducing a linear galaxy bias b, the
relation between the power spectrum in redshift space Pred and the power
spectrum in real space reads:
Pred(k) =
(
1 + βµ2k
)2
P (k) (6.1)
where β ≡ f/b, f is the growth-rate defined as f = d log δm/d log a and µm
is the cosine of the angle between the line of sight and the wavevector k.
When k is perpendicular to the line of sight, the perturbations are not dis-
torted. The relation given by Eq. (6.1) was first derived by Kaiser [89] and
it can be obtained from the continuity equation, which relates the divergence
of the peculiar velocity to the dark matter overdensity δm. Redshift space
distortions, then, relate peculiar velocities to the logarithmic derivative of
the linear growth factor, f [90]. A measurement of β ≡ f/b will provide in-
formation on the growth of structure formation if the galaxy bias b is known.
In our analysis we build a data posterior by using two datasets, the current
1http://www.euclid-ec.org
57
58 Chapter 6. Observational constraints on modified gravity
dataset and the forecast dataset. The current dataset includes all the inde-
pendent published estimates of fσ8(z) obtained with the redshift distortion
method. It includes the data from 2dFGS, 6dFGS, LRG, BOSS, CMASS,
WiggleZ and VIPERS, and spans the redshift interval from z = 0.07 to
z = 0.8, see Table 6.1 (see also [76, 81]). In some case the correlation coef-
ficient between two samples has been estimated in Ref. [76] and included in
our analysis; when there are different published results from the same dataset
in Table 6.1 we include only the more recent one.
The forecast dataset approximates instead the accuracy of a future Euclid
mission [87, 91] and it has been obtained in Ref. [68] in the range from
z = 0.5 to z = 2.1.
6.3. Likelihood Analysis
First of all, we rewrite Eq. (5.29) in this way:
δ′′m + (2 +
E ′
E
)δ′m =
3
2
δm
a3E2
Ωm,0Y (a, k) (6.2)
where we have substitute the expression for Ωm. This shows immediately
that Ωm,0 is fully degenerate with Y . In the following therefore we will only
be able to constrain the quantity
Yˆ ≡ Ωm,0Y (6.3)
Since our reference model is ΛCDM with Ω
(bg)
m,0 = 0.3, the standard value of
Yˆ is 0.3.
We also rewrite Y for Horndeski theory (5.28) in this way:
Y = h1
1 + (k/kp)
2h5
1 + (k/kp)2h3
(6.4)
where the scale kp is an arbitrary pivot scale that we choose to be kp =
1h/Mpc. Similarly, when we take this specific Horndeski form (6.4), we will
constrain the combination hˆ1 ≡ Ωm,0h1.
Now, the rate E itself can be estimated with distance indicators only up
to some uncertainty. In the following however we will simplify our task by
assuming that the error on E is actually already now negligible with respect
to the errors on the other observational data. For current data this is not
completely true so our estimate of the uncertainty on Y is actually a lower
limit. As the main effect of a change in E is through the left-hand-side
factor E−2 in Eq. (6.2), one can estimate the additional error on Yˆ induced
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by an error ∆E in E to be |∆Yˆ |/Yˆ ≈ 2|∆E|/E, to be added in quadrature.
Current supernovae can determine E around z ≈ 1 with a relative error of
5-10%, so we can estimate an additional error on Yˆ around 10-20%. Since
the uncertainty we find is quite larger than this, we neglect the additional
source of error from E. For the future data, one can indeed assume that E
will be pretty fairly well determined up to better than a percent accuracy
with future surveys and our lower limit will be closer to reality.
For the initial conditions on δm, we fix the irrelevant value δin = e
Nin with
Nin = −1.5 i.e. zin ≈ 3.5, while for the initial growth rate parameter α =
δ′in/δin we either fix it to unity (standard ΛCDM) or adopt a uniform prior
large enough to cover all the region in which the likelihood is significantly
different from zero.
6.3.1. Marginalization over σ8
The growth rate data are given as a set of values di at various redshifts,
where
di = f(zi)σ8(zi) = f(zi)σ8G(zi) = σ8
δ′
δ0
(6.5)
and where f(z) = δ′m/δm is the growth rate, G(z) is the growth factor nor-
malized to unity today and σ8 is the present power spectrum normalization.
We denote our theoretical estimates as ti = δ
′
i/δ0.
Then we build the χ2 function
χ¯2fσ8 = (di − σ8ti)C−1ij (dj − σ8tj) (6.6)
where Cij is the covariant matrix of the data.
The first step to implement our model-independent estimates is to marginal-
ize over σ8, since as already mentioned to estimate its value from current
data one would need to know the gravitational theory. Marginalizing the
likelihood L′ = exp(−χ¯2fσ8/2) over σ8 > 0 with uniform prior leads to a new
posterior L = exp(−χ2fσ8/2) [3] where
χ2fσ8 = Sdd −
S2dt
Stt
+ logStt − 2 log(1 + Erf( Sdt√
2Stt
)) (6.7)
and where
Sdt = diC
−1
ij tj (6.8)
Sdd = diC
−1
ij dj (6.9)
Stt = tiC
−1
ij tj (6.10)
This is the posterior distribution we will use in the following discussion.
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Survey z f(z)σ8(z) References
6dFGRS 0.067 0.423 ± 0.055 Beutler et al. (2012) [92]
LRG-200 0.25 0.3512 ± 0.0583 Samushia et al (2012) [93]
0.37 0.4602 ± 0.0378
LRG-60 0.25* 0.3665±0.0601 Samushia et al (2012) [93]
0.37* 0.4031±0.0586
BOSS 1) 0.30 0.408± 0.0552, ρ12 = −0.19 Tojeiro et al. (2012)[94]
2) 0.60 0.433± 0.0662
WiggleZ 1) 0.44 0.413 ± 0.080, ρ12 = 0.51 Blake (2011) [95]
2) 0.60 0.390 ± 0.063, ρ23 = 0.56
3) 0.73 0.437 ± 0.072
Vipers 0.8 0.47 ± 0.08 De la Torre et al (2013)[96]
2dFGRS 0.13 0.46 ± 0.06 Percival et al. (2004) [97]
LRG 0.35 0.445 ± 0.097 Chuang and Wang (2013) [98]
LOWZ 0.32 0.384±0.095 Chuang at al (2013) [99]
CMASS 0.57* 0.348 ± 0.071
0.57* 0.423 ± 0.052 Beutler et al (2014)[100]
0.57 0.441±0.043 Samushia et al (2014) [77]
0.57* 0.450 ± 0.011 Reid et al (2013) [101]
Table 6.1: Current published values of fσ8(z). In some cases
we list also the correlation coefficient ρij between different
bins [76]. Entries with an asterisk are not employed in this
analysis.
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6.4. Current growth-rate data
Current growth data are not sufficient to provide k-dependent information.
In this case, therefore, we are forced to neglect the k-dependence of Y .
Moreover, again in view of the lack of sufficient statistics, we also fix the time
dependence and assume that Y is just a constant over the redshift range of
the observations. We have therefore just two parameters: Yˆ and the initial
condition α.
We will consider four cases, in increasing order of “model independence”.
The first case is standard ΛCDM gravity (Y = 1), and σ8 and initial condi-
tions both fixed to the fiducial model, σ8 = 0.83 [83] and α = 1. Here the
only free parameter is therefore Ωm,0 (with an uniform prior in 0, 1).
The second case is like the first one but with marginalization over σ8. This
case serves mainly to isolate the effect of the σ8-marginalization and to see
how much the best fit of Ωm,0 changes if σ8 is estimated from the fσ8(z) data
themselves and not from Planck. From now on, we always fix the background
evolution E to a ΛCDM with Ω
(bg)
m,0 = 0.3, in agreement with observations
and close to the Planck best fit [83], and neglecting any uncertainty on it
and we always include the marginalization over σ8.
In the third case, beside marginalizing over σ8, we leave Yˆ free to vary with
an uniform prior for positive values.
Finally, the fourth case is like the third one but now the initial growth rate
α is left free to vary.
6.4.1. Results
The results for the first and second cases are shown on the left panel of Fig.
(6.1). At 68% c.l., the uncertainty on Ωm,0 increases from 0.03 to roughly
0.10 when marginalizing over σ8 while for σ8 itself we find σ8 = 0.76
+0.06
−0.10,
smaller than but compatible with the Planck value. On the right panel, we
plot the fσ8 data points from the galaxy surveys with their respective error
bars in comparison with the ΛCDM model and with the best fits of all the
cases.
In the third case (uniform prior on Yˆ , fixing α = 1) we find a best fit Yˆ = 0.20
with an error range [0.095, 0.36] at 68% confidence level, see Fig. (6.2) bot-
tom left panel. The parameter σ8 is now σ8 = 0.79
+0.11
−0.25, see Fig. (6.3). If
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now we vary α with a uniform prior on Yˆ (fourth case, Fig. 6.2) we obtain
instead Yˆ = 0.28 with a doubled error range [0.048, 0.63] at 68% c.l. . For
σ8 we have now σ8 = 0.54
+0.21
−0.09. Table (6.2) summarizes the results.
Interestingly, we detect a bimodality in the marginalized posterior for α and
a strong correlation with Yˆ . As shown in Fig. (6.2) both very large and
very small values of Yˆ are acceptable if α varies freely. In particular, a large
Yˆ can be compensated by a large negative α, while small Yˆ are compatible
with large positive values. Large negative values of α mean that overdensi-
ties can become underdensities at some point in time; although this might
appear pathological at first sight, it does not contradict any observation at
linear scales and should not be arbitrarily excluded. Within 3σ, a small Yˆ is
compatible with any value of α since in this limit the perturbation equation
becomes effectively first order in δ′.
The data in Table 6.1 have been obtained with cosmologies close to our ref-
erence one, but not identical. We repeated the analysis of these four cases by
first converting the fσ8(z) data to the same cosmological background data
(obtained by putting Ωm,0 and Yˆ to the best fit in the definition of di, see
Eq. (6.5)) in order to see how this issue affects the outcome of the statistical
analysis. This method has been employed in the past in [102] for σ8(z) and
in [103] for fσ8(z). We found that the relative errors on Ωm,0 , Yˆ and σ8
change only by 10% at most with respect to the previous results (Table 6.2).
The conclusion of this section is that current data put hardly any constraint
on Yˆ . Any value from 0 to 1.35 is acceptable at 95% and much larger values
of Yˆ are also acceptable if the initial condition is chosen along the degeneracy
line of Fig. (6.2). This conclusion could have been reasonably expected due
to the paucity of present data.
In the next section we show however that the constraints improve a lot with
the much better data of future surveys only if we keep α fixed; in the more
general case, the improvement remains modest. The reason is the same: try-
ing to be as much model-independent as possible one has to set σ8,Ωm,0, α
free to vary. The price to pay for this freedom are rather weak constraints.
6.5. Forecast data
A. z binning
In this section we consider the forecast Euclid-like fσ8 datasets, starting with
the case of no scale information (z-binning), which can be directly compared
to the previous ones. The growth forecasts are obtained from Ref. [68].
We consider a Euclid-like 15,000 square degrees redshift survey from z =
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case
α
(best fit) ∆α (95%) ∆α (68%)
ΛCDM, Y = 1,
σ8 =0.83 I 1 - -
ΛCDM, Y = 1,
marg. on σ8 II 1 - -
Unif. prior on Yˆ III 1 - -
Unif. prior on Yˆ , α IV -0.015
≤-2.08
and ≥ -0.67
[-0.40, 1.32]
and [-4.05, -2.20]
case
Ω
(bg)
m,0
(best fit) ∆Ω
(bg)
m,0 (95%) ∆Ω
(bg)
m,0 (68%)
ΛCDM, Y = 1,
σ8 =0.83 I 0.23 [0.18, 0.29] [0.20, 0.26]
ΛCDM, Y = 1,
marg. on σ8 II 0.27 [0.12, 0.54] [0.18, 0.39]
Unif. prior on Yˆ III - - -
Unif. prior on Yˆ , α IV - - -
case
Yˆ
(best fit) ∆Yˆ (95%) ∆Yˆ (68%)
ΛCDM, Y = 1,
σ8 =0.83 I - - -
ΛCDM, Y = 1,
marg. on σ8 II - - -
Unif. prior on Yˆ III 0.20 [0.040, 0.60] [0.095, 0.36]
Unif. prior on Yˆ , α IV 0.28 [0, 1.35] [0.048, 0.63]
Table 6.2: Summary of results for current data.
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Figure 6.1: Left panel : Current posterior in function of Ωm,0
for the first case (red curve) and for the second case (blue
curve). Right panel : Best fit ΛCDM model for the first
case (blue solid curve); best fit for the third case (green
thin dashed curve) and for the fourth case (green thick
dashed curve) together with the entire set of fσ8 data
points we employed in this paper. As the posterior is
marginalized over σ8, a possible vertical rescaling for the
third and fourth cases is inconsequential so they have been
plotted with a normalization that minimizes the χ2 dis-
tance.
0.5 − 1.5 divided in equally spaced bins of width ∆z = 0.2 and, in order to
prevent accidental degeneracy due to low statistic, a single larger redshift bin
between z = 1.5− 2.1, so in total we have six bins. In Table 6.3 we show the
fiducial values and relative errors on fσ8. As before, we want to obtain an
z¯ fσ8 ∆fσ8 (68% c.l.)
0.6 0.469 0.0092
0.8 0.457 0.0068
1.0 0.438 0.0056
1.2 0.417 0.0049
1.4 0.396 0.0047
1.8 0.354 0.0039
Table 6.3: Fiducial values and Euclid-like errors for fσ8 using
six redshift bins (from [68]).
estimate on a constant Yˆ marginalizing over σ8 and α. Fig. (6.4), lower left
panel, shows the 1-dimensional marginalized forecast posterior distribution
of Y (third case) along with the fourth case, i.e. with marginalization over α.
As can be seen from Fig. (6.4), lower left panel, the 95% error on Yˆ around
64
6.5. Forecast data 65
0.0 0.5 1.0 1.5 2.0
-6
-4
-2
0
2
4
6
Y
`
Α
0.0 0.5 1.0 1.5 2.0
0.0
0.2
0.4
0.6
0.8
1.0
Y
`
L
-6 -4 -2 0 2 4 6
0.0
0.2
0.4
0.6
0.8
1.0
Α
L
Figure 6.2: Top panel: 1σ, 2σ and 3σ confidence-level con-
tours for the 2-dimensional current posterior on the
parameters {Yˆ ,α} marginalizing over σ8 (fourth case).
Left bottom panel : Current posterior for Yˆ marginalized
over α (blue line) in comparison with the third case
(red line). Right bottom panel : Current posterior for α
marginalized over Yˆ .
the fiducial value 0.3 has a fivefold increase, from 0.03 to roughly 0.15, when
we marginalize over the initial conditions. The relative uncertainly on Yˆ is
around 30% at 68% c.l..
Contrary to what we found previously using current data, negative values of
α appear now strongly disfavoured. The increase in errors on both Yˆ and σ8
can be appreciated from Fig. (6.5). In the third case (i.e. no marginalization
over α) future Euclid-like data can estimate σ8 and Yˆ to within 0.01 for
both parameters; when α is marginalized over however the error increases to
roughly 0.08, again for both parameters.
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case
α
(best fit) ∆α (95%) ∆α (68%)
Unif. prior on Yˆ III 1 - -
Unif. prior on Yˆ , α IV 0.53 [0, 4.0] [0.12, 1.6]
case
Yˆ
(best fit) ∆Yˆ (95%) ∆Yˆ (68%)
Unif. prior on Yˆ III 0.29 [0.26, 0.32] [0.28, 0.30]
Unif. prior on Yˆ , α IV 0.30 [0.12, 0.43] [0.21, 0.38]
Table 6.4: Summary of results for forecasted Euclid data.
z¯ kmin − k1 k1 − k2 k2 − kmax
0.6 0.007-0.022 0.022-0.063 0.063-0.180
0.8 0.007-0.023 0.023-0.071 0.071-0.215
1.0 0.007-0.024 0.024-0.078 0.078-0.249
1.2 0.007-0.026 0.026-0.086 0.086-0.287
1.4 0.007-0.027 0.027-0.094 0.094-0.329
1.8 0.007-0.029 0.029-0.112 0.112-0.426
Table 6.5: Ranges of the k-bins for every redshift bin centered
at z¯, in units of (h/Mpc) (from [68]).
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Figure 6.3: 1σ, 2σ and 3σ confidence-level contours for the cur-
rent posterior on the parameters {Yˆ ,σ8} (third case).
B. k binning
We consider now the quasi-static Horndeski result, defined in Eq. (6.4), which
contains the parameters h1, h3 and h5 and a k−dependence. Although in
general these parameters depend on time, we assume here for simplicity that
they time variation is negligible in the observed range.
The aim of this section is to obtain error estimates on the Horndeski param-
eters, so we need to have a minimum of three k-bins for every value of the
redshift. The fact that a Euclid-like mission is capable of delivering data
with non-vanishing constraining power in several k-bins is indeed an impor-
tant advantage of this kind of large scale project and a crucial feature if one
wants to test modified gravity with sufficient generality. It is in fact the
only way to detect a possible k-dependence as predicted within the Horn-
deski class. In other words, if all the k bins are lumped together, as in the
standard way of presenting current observational data, then it is impossible
to detect the k-structure of Y (z, k).
Again following the method of [68], we take the minimum binning value of k
as kmin = 0.007 h/Mpc (the result is very weakly dependent on this value)
and the values of the highest k are chosen to be well below the scale of
non-linearity at the redshift of the bin. In Table 6.5 we report the k-bin
boundaries. In Table 6.6 we display the fiducial values and errors for fσ8 at
every redshift and every k- bin. As in the previous case, also here the fidu-
cial model is chosen to be ΛCDM, so the fiducial values for the Horndeski
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Figure 6.4: Top panel : 1σ, 2σ and 3σ confidence-level con-
tours for the 2-dimensional forecast posterior on the
parameters {Yˆ ,α} marginalizing over σ8 (fourth case).
Left bottom panel : forecast posterior for Yˆ marginal-
ized over α (blue line) in comparison with the third case
(red line). Right bottom panel : forecast posterior for α
marginalized over Yˆ
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Figure 6.5: 1σ and 2σ confidence-level contours for the forecast
posterior on the parameters {Yˆ ,σ8} when α is marginalized
over (fourth case, solid curves) and when is fixed (third
case, small gray ellipse, only the 2σ contour is shown).
parameters are hˆ1 = Ωm,0h1 = 0.3 and h3 = h5 = 0. Here we fix h5 to its
fiducial value (i.e. to zero) due to the degeneracy between h5 and h3 when
the fiducial model is such that h5 = h3 as in ΛCDM. In the next section we
will consider the case in which the fiducial value of h5 is different from the
standard value.
The model now contains three parameters: {hˆ1,h3, α}. Note that in principle
one should take a different α for every k but for simplicity we assume that
α is k-independent in our range. As in the previous cases, here we analyze
first the case in which α = 1 (this is our fifth case) and the case in which
we will vary this parameter (sixth case). We numerically solve Eq. (5.29)
inserting now the value of k corresponding to the central k-bin values for ev-
ery redshift bin and then we construct the σ8-marginalized three dimensional
forecasted posterior by following the same procedure described in section III.
The results are reported in Tables 6.7, 6.8, 6.9 and in Figs. (6.6,6.7). The
error on hˆ1 increase from roughly 0.02 to 0.10 when marginalizing over the
initial condition. In contrast, the error on the scale h3 remain practically
unchanged, since we assume k-independent initial conditions.
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z¯ i fσ8(z) ∆fσ8(z) ∆fσ8(z)%
1 0.07 15
0.6 2 0.469 0.017 3.6
3 0.0097 2.1
1 0.05 11
0.8 2 0.457 0.012 2.6
3 0.0074 1.6
1 0.039 8.9
1.0 2 0.438 0.0089 2
3 0.0062 1.4
1 0.032 7.7
1.2 2 0.417 0.0072 1.7
3 0.0055 1.3
1 0.028 7
1.4 2 0.396 0.065 1.6
3 0.0057 1.4
1 0.015 4.3
1.8 2 0.354 0.0047 1.3
3 0.0061 1.7
Table 6.6: Fiducial values and relative errors for fσ8 data at
every redshift z¯ and every k-bin (labeled with the index
i).
case
α
(best fit) ∆α (95%) ∆α (68%)
Horndeski V 1 - -
Horndeski VI 0.85 [0.10, 2.2] [0.22, 1.9]
Table 6.7: Best fit and errors on α in the Horndeski case by
fixing h5 = 0.
case
hˆ1
(best fit) ∆hˆ1 (95%) ∆hˆ1 (68%)
Horndeski V 0.3 [0.26, 0.32] [0.27, 0.32]
Horndeski VI 0.3 [0.097, 0.44] [0.17, 0.40]
Table 6.8: Best fit and errors on hˆ1 in the Horndeski case by
fixing h5 = 0.
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Figure 6.6: Top panel : 1σ, 2σ and 3σ confidence-level con-
tours for the 2-dimensional forecast posterior on the
parameters {hˆ1,h3} marginalizing over σ8 (fifth case).
Left bottom panel : forecast posterior for hˆ1 marginalized
over h3. Right bottom panel : forecast posterior for h3
marginalized over hˆ1.
case
h3
(best fit) ∆h3 (95%) ∆h3 (68%)
Horndeski V 0 [-0.70, 0.72] [-0.37, 0.35]
Horndeski VI 0 [-0.72, 0.73] [-0.36, 0.36]
Table 6.9: Best fit and errors on h3 in the Horndeski case by
fixing h5 = 0.
71
72 Chapter 6. Observational constraints on modified gravity
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
-2
-1
0
1
2
h
`
1
h 3
-1 0 1 2 3 4 5 6
0.0
0.2
0.4
0.6
0.8
1.0
Α
L
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
0.0
0.2
0.4
0.6
0.8
1.0
h
`
1
L
-2 -1 0 1 2
0.0
0.2
0.4
0.6
0.8
1.0
h3
L
Figure 6.7: Top panel : 1σ, 2σ and 3σ confidence-level con-
tours for the 2-dimensional forecast posterior on the pa-
rameters {hˆ1,h3} marginalizing on {σ8, α} (sixth case).
Left bottom panel : forecast posterior marginalized on
{h3, α} varying the initial conditions (blue line) in com-
parison with the fifth case (red line). Right bottom panel :
forecast posterior marginalized on {hˆ1, α}
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6.6. A cosmological exclusion plot
Here we wish to continue the analysis by obtaining an exclusion plot, i.e.
the region of parameter space that a future Euclid-like redshift survey can
achieve. This is obtained by repeating the procedure of the previous section
obtaining the errors on hˆ1, h3 for every possible h5 (rather than fixing h5 to
the standard value). The region outside the errors is therefore the region
that an Euclid-like experiment will be able to rule out.
The form of Y in Eq. (6.4) produced in a Horndeski model represents a
Yukawa-like gravitational potential in real space. By Fourier anti-transforming
Eq. (5.25) with a point source of mass M one obtains in fact
Ψ(r) = −G0M
r
h1
(
1 +Qe−r/λ
)
(6.11)
where h5 = (1+Q)λ
2 and h3 = λ
2 (notice that here again Mh1 is the observ-
able, not h1 alone). Here G0 is the gravitational constant one would measure
in laboratory where, as already mentioned, the effects of the modification of
gravity are assumed to be screened 2. Thus, instead of h3,5, we can use the
strength Q and range λ of the Yukawa term as modified-gravity parameters,
marginalizing over hˆ1 = Ωm,0h1 and, as before, also over σ8 and α. As previ-
ously, we assume Q, λ to be constant in the observed range.
These parameters are the cosmological analog of the parameters employed
in laboratory experiments to test deviations from Newtonian gravity, see e.g.
[104]. Using the same specifications of the previous section, we show in Fig.
(6.8) the region that a Euclid-like experiment is able to exclude.
Clearly, for very small λ the strength Q is unconstrained; moreover, for very
large interaction ranges (much larger than the observed scales), the strength
becomes degenerate with h1 and therefore again weakly constrained.
In the intermediate region around 10 Mpc/h the strength can be confined to
within 0.03 (0.06) at 68% (95%) c.l., i.e. 3% (6%) of the Newtonian grav-
itational strength. This limit is of course much weaker than local gravity
bounds, which are below 10−4, but it applies to scales and epochs unreachable
with other means. The results will not change much if we do not marginalize
over initial conditions, just as it happened for h3 in the previous section.
For comparison, the strength Q in the case of f(R) models is 1/3 (see e.g.
2Notice that although one could define a new gravitational “constant” Geff = G0h1(1+
Qe−r/λ) in the potential, one should use a different definition, namely GFeff = G0h1(1 +
Qe−r/λ(1 + r/λ)), in the force. This is why we prefer to use a different notation, i.e. Y .
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[105]), while the range is
λf(R) = M
−1
f(R) =
√
3f,RR
f,R
(6.12)
where the subscripts denote the derivative with respecto to R of the La-
grangian f(R) (in this notation f(R) includes the Einstein-Hilbert term).
From Fig. (6.8) one can see that all the models with 2 . λf(R) . 80 Mpc/h
could be ruled out at 95% c.l. for Q = 1/3.
Conversely, assuming f,R ≈ 1 as needed by local gravity constraints and by
a background close to ΛCDM, a Euclid-like survey will be able to set a lower
and an upper limit to f,RR:
f,RR < 1 · 10−7H−20 , or (6.13)
f,RR > 2 · 10−4H−20 (6.14)
In keeping with our analysis, we are assuming here λf(R) constant; in general
however it will be a function of time so these limits should refer to the epoch
of observation. In some popular models of f(R) one has f,RR ≈ 10−3H−20 at
z ≈ 1 (see e.g. [106]), corresponding to λf(R) ≈ 100 − 200 Mpc/h, a value
that could be marginally detected at 68% c.l. by our forecasts.
Notice however that in f(R) models the overall factor here denoted as hˆ1
corresponds to Ωm,0/f′R ≈ Ωm,0. The existence of a lower limit to f,RR is due
to the marginalization over the unknown Ωm,0.
In specific models of f(R) the present matter density Ωm,0 can be estimated
through background or large-scale structure measurements. In this case the
lower limit would be removed and any λf(R) larger than a few Megaparsec
would be detected.
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Figure 6.8: Forecast of a cosmological exclusion plot for a
Euclid-like survey, marginalizing over σ8, α and hˆ1. Here
Q is the dimensionless strength of the Yukawa interaction
while λ, in Mpc/h, is the interaction range. The darker
region is the 68% c.l. region, the lighter one is the 95%.
c.l. region. The dotted line marks the value of Q in f(R)
models.
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Chapter 7
Conclusion
In the first part of this Thesis we have studied the formation of dark matter
halos in the symmetron model, where a scalar field metrically coupled to
all matter species alters the standard growth of cosmic overdensities. The
dynamics of the symmetron is controlled by a Z2 symmetry (under which
this scalar is odd) whose breaking generates a new long-range interaction of
gravitational strength.
In Chapter 3, we focused on single spherically symmetric overdensities whose
evolution departs from the background expansion before recombination. We
followed the time evolution of these objects generalizing the spherical collapse
model to include all relevant physical effects related to the new long-range
force mediated by the symmetron field.
We identify two distinct scenarios, depending on the initial radius of the col-
lapsing halo. For small initial overdensities, the evolution of the symmetron
field inside the forming dark matter halo adiabatically follows during all the
phases of the spherical collapse the one of the background scalar field. This
implies that in this “thick-shell scenario” the formation of a dark matter
halo is affected by the symmetron mediated force from the time of the Z2
symmetry breaking till the dark matter halo has formed. In this case dark
matter halos tend to collapse earlier compared to the ΛCDM case.
In a second scenario, corresponding to large initial overdensities, a transi-
tion between the previously described thick-shell regime and the “thin-shell
regime” takes place, and the symmetron force is screened in the interior of the
collapsing halo before collapse. In this case dark matter halos tend to form
later compared to the thick-shell scenario where instead the symmetron force
was active till the end of the spherical collapse. Also in this case, however,
halos collapse earlier than in the ΛCDM case where the additional long-range
scalar force was not present at all.
Then, we have analyzed the statistics of the dark matter halos formed within
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the symmetron model, focusing on the calculation of the halo mass function
and of the linear bias for the two scenarios identified during the first part of
this study. In both cases we have found non-negligible differences compar-
ing the halo mass function and the linear bias obtained within the present
realization of the symmetron model to standard ΛCDM results. In the thick-
shell scenario, the relative difference between the halo mass function of our
model and the one of the ΛCDM can be as large as few percent for halos
with a mass between 1011 and 1013M h−1; for virial masses larger than
about 1013M h−1, the halo mass function of the symmetron model tends
towards the one of the ΛCDM.
Though the departures from the ΛCDM predictions seem very hard to iden-
tify at present, further investigations of the non-linear regime of the overden-
sity evolution based on dedicated N-body simulations might find additional
features which would allow to better disentangle the halo mass function of
the symmetron model from the one of the ΛCDM.
In the second part of this thesis, we investigated the current and future
bounds on the modified gravity parameter Y (or Geff) that quantifies the
deviation from the standard Poisson equation. We have assumed Y to be
constant in time and space when using current data or with a Horndeski
behavior when forecasting future results. Contrary to other similar analyses,
we tried to weaken the model-dependency by marginalizing over the present
power spectrum normalization σ8 and over the initial growth rate for the
matter density contrast equation, since they both are unknown unless one
assumes a specific model, e.g. ΛCDM. We also take into account the fact that
Ωm,0 is not a directly observable quantity and absorb it into the definition of
Y .
In Chapter 5 we have found, not unexpectedly, that the current growth rate
data fσ8(z) from redshift distortion are insufficient to constrain the product
Yˆ = Ωm,0Y to better than an order of 100% error (see Table 6.2, fourth
case), due to the degeneracy with σ8 and the initial condition. Using instead
forecasts of a Euclid-like experiment, we have found that the relative error
on Ωm,0Y reduce to roughly 30% at 68% c.l. (see Table 6.4, fourth case).
A similar error can be obtained on hˆ1 = Ωm,0h1 when using the Horndeski
prescription (see Table 6.8, sixth case). The effect of the lack of knowledge of
the initial conditions can be easily grasped by noting that the uncertainty on
Yˆ increases from ∆Yˆ ≈ 0.01 when α = 1 to ∆Yˆ ≈ 0.08 when α is marginal-
ized over (Table 6.2), i.e. from a few percent to 30%. Same broadening of
the uncertainty occurs for σ8.
Finally, in the last part of Chapter 5, we have obtained a forecast of a cos-
mological exclusion plot on the Yukawa strength Q and range λ parameters
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(Fig. 6.8). This complements, on cosmological scales, the laboratory exclu-
sion plots on deviations from standard gravity. We have found that with
a Euclid-like experiment the strength Q can be confined to within 3%(6%)
of the Newtonian gravity at 68%(95%) if the interaction range is around 10
Megaparsecs. For much larger and much smaller ranges the constraint gradu-
ally vanishes. Applying these results to f(R) models we forecasted an upper
limit to f,RR at z ≈ 1 of the order of 10−7H−20 , corresponding to a Yukawa
range smaller than 2 Mpc/h roughly, and a lower limit of 2 · 10−4H−20 , cor-
responding to scales larger than 80Mpc/h (at 95% c.l.).
The main conclusion of this Thesis is that Y can be only weakly constrained
by the next decade redshift surveys if one takes into account the degeneracy
with σ8,Ωm,0 and initial conditions. Even weaker constraints would have
been obtained had we taken Y to be time dependent. Only by considering
specific models can one hope to produce stringent constraints on modified
gravity through its effect on linear matter perturbation growth. This seems
to indicate that the other modified gravity linear perturbation parameter,
the anisotropic stress η, which requires a combination of weak lensing and
clustering, is a more robust and powerful way to quantify the deviation from
standard gravity.
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